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Changes in Cross-Border Strategic Alliances and Mergers and Acquisitions (M&As) 
during the COVID-19 Pandemic 

* 

Hironori NAKAMURA 

Summary 
 
The global spread of the COVID-19 virus has had a profound impact on all sectors of the economy since 2020. 
In particular, the global pandemic has brought unprecedented challenges to companies' overseas expansion. Due 
to changes in the external environment, such as lockdowns in various countries, travel restrictions, and trade 
stagnation, companies looking to enter overseas markets have been forced to significantly change their traditional 
entry strategies. 
Against the backdrop of the pandemic-induced turmoil in the global economy, some companies chose to avoid 
setting up traditional physical bases and adopt flexible market entry strategies leveraging digital technology. 
At that time, the flow of people and business came to a complete halt. In particular, among the companies that 
demonstrated resilience during the pandemic, new strategies such as remote market entry and supply chain 
reorganization stood out. This shows that companies can find growth opportunities even in difficult situations by 
deviating from traditional business models and adaptively responding to changes in the environment. Companies 
that diversified their supply chains and formed strategic partnerships with local partners aimed to expand their 
markets. 
 

M&A COVID-19  
Keywords Market Entry Strategy, Strategic Alliances, Joint Ventures, M&A, COVID-19 
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Various aspects with the existence of harmonic majorants

∗, ∗∗, ∗∗∗

Mitsuru Nakai, Junichiro Narita, Shigeo Segawa

Summary
The systematic study of the classification theory of open Riemann surfaces concerning Hardy spaces, was initiated
by Parreau in 1951. In 1969, Heins completed the final form of the chain of strict inclusion relations of null classes
of open Riemann surfaces related to Hardy spaces of all exponents 0 < p � ∞. Heins made a quite effective use
of the infiniteness of genuses. However, Heins himself proposed the study to reproduce the above Heins diagram
only for open Riemann surface of finite genus, and so in essence, for plane regions. We call this investigation
theme as the Heins problem. In 1973, Hejhal showed that a major part of the Heins problem for Hardy spaces of
exponets 1 � p �∞ can be resolved. In 1978, Hasumi published the paper very important from two view points:
firstly it presented concrete examples of removable plane compact sets for Hardy-Orlicz spaces; secondly it has
been recognized as to have resolved the Heins problem completely for Hardy spaces of all exponents 0 < p � ∞.
The purpose of our present paper is, nevertheless, to attract attentions of possible mathematicians who are still
interested in the Heins problem to our doubt about the recognition that the Heins problem is presently completely
settled.

: , – , .

Keywords and Phrases : Hardy space, Hardy-Orlicz space, removable set.

0.

Reimann Ĉ W a ∈W W ω . W :=W ∪∂W
w, w : W → R := [−∞,+∞], . , w(z) � 0 (z ∈ W )

, W . W u , w(z) � u(z) (z ∈W ) , u W w

.

0.1. w W .

w W

. .

0.2 w W f . f := w|∂W , f ∈ L1(∂W,ω) , w W

.

PWB( Perron-Wiener-Brelot) Dirichlet

, ,

0.2 ( ) , Ĉ

W R f Dirichlet (W, f) PWB Dirichlet HWf .

2000 Mathematics Subject Classification. Primary 30D55; Secondary 30C85, 30D15, 30F20
* ,
** ,
***
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ζ ∈ ∂W W

lim inf
z∈W,z→ζ

s(z) � f(ζ)

s SWf , SWf := −SW−f . , SWf � SWf
, SWf SWf Perron

H
W

f (z) := inf
s∈SWf

s(z) (z ∈W )

, HWf := −HW−f , W HWf � HWf . f , H
W

f

HWf , W H
W

f ≡ HWf , HWf Dirichlet (W, f)

PWB Dirichlet , f W . ( )

, f , ζ ∈ ∂W , ,

lim
z∈W,z→ζ

HWf (z) = f(ζ)

, PWB Dirichlet . f ∈ C(∂W ) ( , f ∂W

) , a ∈W ,

f �→ HWf (a) : C(∂W )→ R

, Riesz ∂W ω

HWf (a) =

∫
∂W

f(ζ)dω(ζ) (f ∈ C(∂W ))

. ω W a . Dirichlet

(W, f) Dirichlet (W, f) f

f ∈ L1(∂W,ω) (
,

∫
∂W

|f(ζ)|dω(ζ) < +∞)
,

HWf (a) =

∫
∂W

f(ζ)dω(ζ) (f ∈ L1(∂W,ω))

. Dirichlet (W, f) PWB .

Ĉ W , W a ∈ W ω , W = W ∪ ∂W
R w , w(z) � 0 (z ∈ W ) w|W W w

f := w|∂W , f ∈ L1(∂W,ω) w W 0.2 “ ”

0.2 f ∈ L1(∂W,ω) , Dirichlet (W, f) f . , W

H
W

f , SWf �= ∅ , W s s ∈ SWf
. s , ζ ∈ ∂W

lim inf
z∈W,z→ζ

s(z) � f(ζ) (ζ ∈ ∂W )(0.3)

. w W , f = w|∂W

f(ζ) = w(ζ) = lim
z∈W,z→ζ

w(z) = lim sup
z∈W,z→ζ

w(z) (ζ ∈ ∂W )(0.4)

, (0.3) (0.4) , ζ ∈ ∂W

lim sup
z∈W,z→ζ

w(z) � lim inf
z∈W,z→ζ

s(z) (ζ ∈ ∂W )
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. W w ( s) ( ) , W

w(z) � s(z) (z ∈W )

. s ∈ SWf , f , z ∈W

w(z) � inf
s∈SWf

s(z) = H
W

f (z) = H
W
f (z) (z ∈W )

. w W HWf ( ) . �

, 0.2 , , f = w|∂W ∈ L1(∂W,ω) HWf w W

, . f ∈ L1(∂W,ω) HWf , HWf PWB

w|W HWf w|W , ,

, 0.2 .

0.2 0.8 , ,

, ,

. , w W ( , , f = w|∂W )

, , , 0.2 .

0.2 , , w|∂W = f ,

, . , .

, Dirichlet (W, f) , f ∂W , f ∂W

, , , 0.2

, w|W , w|W
.

, , 0.2 2

( ) f = w|∂W ∈ L1(∂W,ω);
( ) w|W W .

“ 0.2 : ( ) ⇒ ( )” , f

. , .

( ), ( ) 2 ( ) .

0.5. ( ) ( ) , , ( ) ⇒ ( ) , ,

( ) �⇒ ( ) .

. ( ) ⇒ ( ) . w|W W u 0 � w(z) � u(z) (z ∈ W ).
ζ ∈ ∂W

f(ζ) = w(ζ) = lim
z∈W,z→ζ

w(z) = lim inf
z∈W,z→ζ

w(z) � lim inf
z∈W,z→ζ

u(z)

, u ∈ SWf , H
W

f = inf{s : s ∈ SWf } W

H
W

f (a) � u(a)(0.6)

. f = w|∂W fn ∈ C(∂W ) (n ∈ N) ζ ∈ ∂W

fn(ζ) := min{f(ζ), n} (n ∈ N)

, n ∈ N fn HWfn , fn � f∫
∂W

fn(ζ)dω(ζ) = H
W
fn (a) = H

W

fn(a) � H
W

f (a)
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. (0.6) ∫
∂W

fn(ζ)dω(ζ) � u(a) (n ∈ N)(0.7)

. (fn)n∈N ↗ f , Fatou-Lebesgue (0.7)∫
∂W

f(ζ)dω(ζ) =

∫
∂W

(
lim
n→∞ fn(ζ)

)
dω(ζ) = lim

n→∞

∫
∂W

fn(ζ)dω(ζ) � u(a) < +∞

. , f ∈ L1(∂W,ω), , ( ) ( ) ( ) ⇒ ( ). , ( ) �⇒ ( )

0.8 . �

0.5 , ( ) ( ) 2 ( ) �⇒⇐ ( ). 0.2 ( ( )

⇒ ( )) , ( ) , ( )

, ( ) , ( ) , 0.8 .

, (W,w) , ,

, , ( ) �⇒ ( )

. ( ) , ,

, ( ) , . ,

( ) ⇔ ( ) . , 0.2

.

0.8 Ĉ̂C W

W := {0 < |z| < 1}(0.9)

. W a ∈ W W ω . W RR w , W ,

w(z) � 0 (z ∈ W ), w|W W w

w(z) :=

{
|1/z| (0 < |z| � 1),

+∞ (z = 0)
(0.10)

. f := w|∂W ,

f ∈ L1(∂W,ω)(0.11)

, w|∂W W . (W,w) 0.2

.

. (0.9) W ∂W {|z| = 1} {0} , {0}
, W {|z| < 1} Green . W a ∈W

Green G(z, a)

G(z, a) := log

∣∣∣∣1− azz − a
∣∣∣∣ (z ∈W )

. W , W , Grenn G(z, a)

W .⎧⎨
⎩ dω(e

iθ) =

[
∂

∂r
G(reiθ, a)

]
dθ

2π
=

1− |a|2
|a− eiθ|2

dθ

2π
(eiθ ∈ {|z| = 1}),

ω({0}) = 0

, f |{|z| = 1} = 1 f(0) = +∞ (+∞) ·0 = 0
∫
∂W

f(ζ)dω(ζ) =

∫
|ζ|=1

f(ζ)dω(ζ) +

∫
{0}
f(ζ)dω(ζ) =

∫ 2π

0

1 · 1− |a|
2

|a− eiθ|2
dθ

2π
+ f(0)ω({0}) = 1 + 0 < +∞,

– 14 –
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, (W,ω) (0.11) . “w|W W

” . w|W W u

0 � w(z) � u(z) (0 < |z| < 1).(0.12)

, , u {0 < |z| < 1} , , z = 0 ,

Bôcher-Picard

u(z) = O

(
log

∣∣∣∣1z
∣∣∣∣
)

(z → 0)

. (0.10) (0.12) 1/|z| � O(log(1/|z|)) (z → 0), ,

1 � O(−|z| log |z|) (z → 0)

. |z| log |z| → 0 (z → 0) , 1 � 0 , . �

0.8 , ( ) ⇒ ( ) (W,w) , w ( ,

, w−1(+∞) := {z ∈ W : w(z) = +∞} = {ζ ∈ ∂W : w(ζ) = f(ζ) = +∞} �= ∅ ) .

0.8 , , . , ζ ∈ w−1(+∞) ( w−1(+∞) 1

ζ = 0 ) ∂W . (W,w) ( ) ⇒ ( )

, ,

.

0.8 (W,w) 1W = W, 1w = w (0.9) (0.10) . (1W, 1w) ( ) ⇒ ( )

. (0.9) W 2W , 2w

2w(z) :=

{
log+

∣∣e−1/z
∣∣+ 1 (0 < |z| � 1),

+∞ (z = 0)
(0.13)

. (2W, 2w) ( ) ( ) ( ) ⇒ ( ) .

jf := jw|∂jW (j = 1, 2)(0.14)

. ∂jW = {|ζ| = 1} ∪ {0} (j = 1, 2) jf |{|ζ| = 1} = 1, jf(0) = +∞ (j = 1, 2) (1W, 1w) �= (2W, 2w)
(1W, 1f) = (2W, 2f) . ( ) (jW, jw) (j = 1, 2) (jW, jf) , ( ) (jW, jw)

. ( ) Dirichlet (jW, jf) , (jW, jw)

, , ( ) ⇒ ( )

. Dirichlet (jW, jf) , ζ ∈ ∂jW , jω({ζ}) = 0 ( , jω jW )

jf(ζ) +∞ {ζ} .

, . 0.1 (W,w) , 2 (jW̃ , jw̃) (j = 1, 2) .

ζ ∈ ∂jW̃ jf̃ := jw̃|∂jW̃ jf̃(ζ)

jf̃(ζ) = lim
z∈jW̃ ,z→ζ

jw̃(z)

, jf̃(ζ) , , jf̃(ζ) ∈ R+
jw̃ , jf̃(ζ) , ,

jf̃(ζ) = +∞ +∞ “ ” , .

jf̃(ζ) = α ∈ R (j = 1, 2), α �= 0

lim
z∈W̃ ,z→ζ

1w̃(z)/2w̃(z) = 1

(α = 0 lim
z∈W̃ ,z→ζ

(1w̃(z) + 1) / (2w̃(z) + 1) = 1 ) , jf̃(ζ) = +∞ (j = 1, 2) ,

lim
z∈W̃ ,z→ζ

1w̃(z)/2w̃(z) , lim
z∈W̃ ,z→ζ

1w̃(z)/2w̃(z) = 1 . (jW, jw)

(j = 1, 2) , 1f(0) = +∞, 2f(0) = +∞ , 1W = 2W =W ,

lim
z∈W,z→0

1w(z)/2w(z) = +∞ �= 1

– 15 –
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∂W = ∂1W = ∂2W , 1f = 2f , (1W, 1f) = (2W, 2f) , 0.8 (1W, 1w) ,

( ) (2W, 2w) , ,

.

( ) ⇒ ( ) , 0.1 (W,w) (3W, 3w) (jW, jw) (j = 1, 2)

. Ĉ 3W , C 1

3W := {0 < Re z < 1, 0 < Im z < 1}(0.15)

. 3W 3a = (1 + i)/2 3W 3ω . 3W R 3w , 3W

3w|3W 3w (1W, 1w)

3w(z) :=

{
|1/z| (z ∈ 3W\{0}),
+∞ (z = 0)

(3W, 3w) ( ) ( ) , ( ) ⇒ ( ) ( , ), (

, (3W, 3w) ( ) ( ) . ( ) , ( )

, ( ) . z = x+ iy

1

z
=
z

|z|2 =
x

x2 + y2
− i y

x2 + y2
,

1

|z| �
x+ y

x2 + y2
(
z ∈ 3W\{0}

)
3w|3W 3W (x+ y)/(x2 + y2) , , (3W, 3w) ( ) . 0.5

( ) ⇒ ( ) , (3W, 3w) ( ) 3f = 3w|∂3W ∈ L1(∂3W, 3ω).)

(1W, 1w) (2W, 2w) (3W, 3w) 3 .

1w
−1(+∞) = 2w

−1(+∞) = 3w
−1(+∞) = {0}

. {0} ∂1W = ∂2W , ∂3W . ( ) ⇒ ( ) (1W, 1w)

, (2W, 2w) , “1w(0) = +∞” “2w(0) = +∞” “

” . (1W, 1w) (3W, 3w) , 1w = 3w , 1w(0) = +∞
3w(0) = +∞ “ ” , , {0} ∂1W

, {0} ∂3W . 3w(0) = +∞
2w(0) = +∞ , {0} ∂3W ( ) : 3f := 3w|∂3W ∈ L1(∂3W, 3ω)

. 0.1 (W,w)

( ) w−1(+∞) ∂W .

, ( ) (W,w) ( ) ⇒ ( ) 0.2

. , 0.2

“ ” . .

Ĉ z = 0 0

Zalcman . 0.17 (W,w) W , Zalcman

. , 2 (cn)n∈Z+ (rn)n∈Z+ ( , Z+ {0} ∪N
). Kn cn rn Kn := B(cn, rn) = {|z− cn| � rn} (n ∈ Z+). (cn)n∈Z+

0 < cn+1 < cn (n ∈ Z+) cn ↘ 0 (n↗∞) ,

. (rn)n∈Z+ , rn > 0 rn → 0 (n↗∞)
, Kn ∩Km = ∅ (n,m ∈ Z+, n �= m) cn+1 + rn+1 < cn − rn ,

rn + rn+1 < cn − cn+1 (n ∈ Z+)(0.16)

. , (W,w) (rn)n∈N , (rn)n∈N

, (rn)n∈N

.

– 16 –
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0.17 W cn rn Kn (n ∈ ZZ+) ĈC 0 Zalcman

W := ĈC\
(
{0} ∪

⋃
n∈Z+

Kn

)
,(0.18)

W ∞ ∈ W W ω . W w

w(z) =

⎧⎪⎨
⎪⎩

1/|z| (z ∈ W\{0,∞}),
0 (z = ∞),

∞ (z = 0)

(0.19)

. (W,w) 0.1 . f := w|∂W f ∈ L1(∂W,ω)
. , ∫

∂W

f(ζ)dω(ζ) < +∞(0.20)

(rn)n∈N . , 0.2 , w|W W

.

. (rn)n∈N , (0.20) . C\K0 K ∞ c(K)

, Ĉ\(K ∪K0) ∞ Ω

c(K) := Ω(∂K)

. b ∈ C\K0 , r K(b, r) ⊂ C\K0 ,

lim
r↘0
c(K(b, r)) = c({b}) = 0(0.21)

.

0 < ω(∂Kn) � Ω(∂Kn) = c(Kn) (n ∈ N)

. (0.21) , Kn = K(cn, rn) , ω(∂Kn) ↘ 0 (rn ↘ 0) , n ∈ N
rn > 0

ω(∂Kn)

cn − rn <
1

2n
(n ∈ N)(0.22)

. f = w|∂W ,

sup
ζ∈∂Kn

f(ζ) � 1

cn − rn (n ∈ N)(0.23)

. (0.22) (0.23) ∫
∂Kn

f(ζ)dω(ζ) �
∫
∂Kn

1

cn − rn dω(ζ) =
ω(∂Kn)

cn − rn <
1

2n
(n ∈ N)

. ∂W = {0} ∪ ∂K0 ∪ (∪n∈N∂Kn)∫
∂W

f(ζ)dω(ζ) = f(0)ω({0}) +
∫
∂K0

f(ζ)dω(ζ) +
∑
n∈N

∫
∂Kn

f(ζ)dω(ζ)

< (+∞) ·0 + ω(∂K0)

c0 − r0 +
∑
n∈N

1

2n
� 0 + 1

c0 − r0 + 1 < +∞

, (0.22) (rn)n∈N , (0.20) .

, w|W W . , , w|W W

u . −1 , 1 V V = {|z+1| < 1}.
V \{0} ⊂ W . Vr := {|z + 1| < r} (0 < r � 1) V V V1 = V . w|W

– 17 –
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W u , w|W V u w(z) � u(z) (z ∈ V ), 0 < r < 1

w(z) � u(z) (z ∈ V r ⊂ V ) , z = −1 + reiθ ∈ ∂Vr , ∂Vr dθ/2π

1

2π

∫ 2π

0

dθ

| − 1 + reiθ| �
1

2π

∫ 2π

0

u(−1 + reiθ)dθ

Gauss u(−1)
1

2π

∫ 2π

0

dθ

| − 1 + reiθ| � u(−1) (0 < r < 1)

. , [0, π/2] ⊂ [0, 2π]
1

2π

∫ π
2

0

dθ

| − 1 + reiθ| � u(−1) (0 < r < 1)

. Fatou

1

2π

∫ π
2

0

dθ

| − 1 + eiθ| =
1

2π

∫ π
2

0

(
lim inf
r↗1

1

| − 1 + reiθ|
)
dθ � lim inf

r↗1

1

2π

∫ π
2

0

dθ

| − 1 + reiθ| � u(−1)

. 0 � θ � π/2 , 0 � cos θ � 1 0 � sin θ � θ
√
2

| − 1 + eiθ| =
√
2√

2− 2 cos θ =
1√

1− cos θ =
√

1 + cos θ

(1− cos θ)(1 + cos θ) =
√
1 + cos θ

sin θ
� 1

sin θ
� 1

θ

+∞ =
1

2
√
2π

∫ π
2

0

dθ

θ
� 1

2π

∫ π
2

0

dθ

| − 1 + eiθ| � u(−1)

. , u(−1) � +∞ , u V V −1
u(−1) = +∞ . �

( ) ⇒ ( ) ( ) ⇒ ( ) ( , 0.2) (1W, 1w) 1w +∞
ζ = 0 ∂1W ,

, , . ( ) ⇒ ( )

(2W, 2w) , 1W = 2W , 1w 2w +∞ ζ = 0 ∂1W = ∂2W

, , 1w(0) = +∞ 2w(0) = +∞ “ ” . (1W, 1w)

(3W, 3w) , , 1w(0) = +∞ 3w(0) = +∞ “ ” ,

∂1W 1w +∞ 0 ∂3W 3w +∞ 0 , ( ) ,

3f := 3w|∂W ∈ L1(∂3W, 3w) , (3W, 3f) ζ = 0 (2W, 2f) ζ = 0

. , 0.1

( ) & ( ) ⇒ ( )

. , 0.17 ( ) ⇒ ( ) , , ( ) & ( ) ⇒
( ) , ( ) ⇒ ( ) , .

0.1 , 0.5 , ( ) ( ) ,

.

( ) & ( ) ⇐⇒ ( )

( ) . (W,w) ( ) ( ) f = w|∂W ∈
L1(∂W,ω) ( ) . ( ) ⇒ ( )

, ( ) ( ) , . ( )

( ) . , , ( ) ( )

( ) .
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( ) , PWB . Dirichlet (W, f) W ∈ Ĉ W

f ( , ∂W R f) , W u W f

. PWB , Perron (PWB P) Wiener (PWB W)

Brelot (PWB B) PWB Dirichlet (W, f)

.

Perron PWB , ,

. ∂W R f , ζ ∈ ∂W

lim inf
z∈W,z→ζ

s(z) � f(ζ) ( , lim sup
z∈W,z→ζ

s(z) � f(ζ))

W ( , ) ( , ) s SWf ( , SWf )
SWf ( SWf ) W ( , ) Perron , W

inf SWf � supSWf

, W . inf SWf ( , supSWf ) Dirichlet (W, f) ( , )

, , HW
f , Dirichlet (W, f) Perron ,

f Perron . W ω , “f Perron

f ∈ L1(∂W,ω) ” . , “f ∈ C(∂W ) Perron , ∂W

E

lim
z∈W,z→ζ

HWf (z) = f(ζ) (ζ ∈ (∂W )\E)

( , HWf ∂W q.e. f )” . “W

Jordan , f ∈ C(∂W )

lim
z∈W,z→ζ

HWf (z) = f(ζ)

” , .

Wiener , Dirichlet (W, f) f . W R w

w|W ( , 0 � w|W < +∞) w , f = w|∂W f .

Dirichlet , f , w|∂W = w̃|∂W = f 2 w w̃

2 Dirichlet , (W, f) ∂W f , f

f = w|∂W w “ ” , Dirichlet (W,w) . (0.1)

(W,w) Dirichlet , “ ” w|∂W w . W := {0 < |z| < 1}
, f |{|ζ| = 1} = 1, f(0) = +∞ ∂W f w(z) = log+(e−1/|z|) + 1 w|∂W = f

Dirichlet (W, f) , (W,w) , w̃(z) = 1/|z| w̃|∂W = f

Dirichlet (W, f) (W, w̃) . Wiener log(1/|z|) + 1 ,

+∞ ( ) (Perron HWf ≡ 1 ).

(0.1) (W,w) Dirichlet Wiener .

, W w (Wn)n∈N . 1 , Wn (n ∈ N) w|Wn ( , 0 �
w|Wn < +∞) W , , Wn ⊂ W ; 2 , Wn ⊂ Wn+1 (n ∈ N); 3

∪n∈NWn = W . Wn ↗ W (n ↗ ∞) . HWnw HWnw|∂Wn ,

w|∂Wn ∈ C(∂Wn) (n ∈ N) , HWnw Wn q.e. w|∂Wn ,

lim
z∈Wn,z→ζ

HWnw (z) = w(ζ) (q.e. ζ ∈ ∂Wn)

, Wn HWnw w , Wn

HWnw � HWn+1w (n ∈ N)(0.24)
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, Harnack ,
(
HWnw

)
n∈N

W +∞

hWw (z) := lim
n↗∞

HWnw (z) (z ∈W )(0.25)

, W 0 � hWw � +∞ , hWw W hWw ≡ +∞ . ,

(W,w) w Wiener hWw (W,w) Wiener . W

pWw := hWw − w

, , W , 0 . , Wiener Dirichlet

(W,w) ( , 0.1 (W,w) ) , w Wiener ( , hWw ≡ +∞) , w

Wiener ( , hWw < +∞) , W w

w = hWw − pWw(0.26)

w W Riesz , hWw w W , pWw = hWw − w
w W .

, hWw W w (Wn)n∈N

. W w W w , ,

, . , w W , hWw

w|∂W . , w w̃ W

hWw = hWw̃ ⇐⇒ w|∂W = w̃|∂W

. Dirichlet (W, f) , f ∈ C(∂W )+ , 0.1 (W,w) w|∂W = f

, hWf := hWw Dirichlet (W, f) Wiener , f

.

, 0.8 (W,w) (1W, 1w) , 3 (jW, jw) (j = 1, 2, 3)

, 0.17 (W,w) (4W, 4w) 4 (jW, jw) (j = 1, 2, 3, 4) Perron Wiener

( jf = jw|jW ):⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

H1W
1f

= 1, h1W
1w = +∞;

H2W
2f

= 1, h2W
2w = 1 + log(1/|z|);

H3W
3f

= h3W
3w < +∞ ( );

H4W
4f

( ), h4W
4w = +∞

(0.27)

Dirichlet Wiener ( ) . 0.1 0.2

‘ ’ . , 0.1 (W,w) , W

W , w (W,w) , ( )

( , ( ) ( )) . , , 0.17

Zalcman :

W = Ĉ\
(
{0} ∪

⋃
n∈Z+

Kn

)
, Kn := {|z − cn| � rn} (n ∈ Z+).(0.28)

W ∞ , , (ρn)n∈Z+

cn+1 + rn+1 < ρn < cn − rn (n ∈ Z+)(0.29)

, W ∞ ω . w (W,w) 0.1 , w

W\{0} 0 � w < +∞ .

Wn :=W\{|z| � ρn} (n ∈ Z+)(0.30)
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, (Wn)n∈N W w . C(ρn) = {|z| = ρn} (n ∈ Z+)

∂Wn = C(ρn) ∪
n⋃
k=0

∂Kk (n ∈ N)

. W ω , Wn ∞ ωn (n ∈ Z+)

HWnw (∞) =
∫
C(ρn)

w(ζ)dωn(ζ) +
n∑
k=0

∫
∂Kk

w(ζ)dωn(ζ) (n ∈ N)(0.31)

. ∂Kk (ωn)n�k ωn ↗ ω (n↗∞) , (0.31) n↗∞

hWw (∞) = lim
n↗∞

∫
C(ρn)

w(ζ)dωn(ζ) + ‖w‖L1(∂W,ω)(0.32)

.

( ) ⇐⇒ hWw (∞) < +∞ ⇐⇒ ( ) & “ sup
n∈N

∫
C(ρn)

w(ζ)dωn(ζ) < +∞”

. ( )

( ) sup
n∈N

∫
C(ρn)

w(ζ)dωn(ζ) < +∞

. 0.1 .

0.33 0.1 (W,w) . W 0.17 Zalcman .

W = ĈC\
(
{0} ∪

⋃
n∈Z+

Kn

)
, Kn = {|z − cn| � rn} (n ∈ ZZ+),

w

0 � w
∣∣∣ ⋃
n∈Z+

∂Kn < +∞

. w W ( , ( ) ) , w ∈
L1(∂W,ω) ( ( )) ( ) . ,

( ) & ( ) ⇐⇒ ( ).

0.17 . W Zalcman , w w(z) = 1/|z| (z ∈ W )
. ( ) w ∈ L1(∂W,ω):

∞∑
n=0

∫
∂Kn

1

|ζ|dω(ζ) < +∞

(rn)n∈Z+ . ( )

sup
n∈N

∫
C(ρn)

1

|ζ|dωn(ζ) = supn∈N

ωn(C(ρn))

ρn
< +∞

. 0.17 ( , ( ) ) , 0.33 ( ) ,

sup
n∈N

ωn(C(ρn))

ρn
= +∞(0.34)

. (0.34) . 0.17 ,

(rn)n∈Z+ , (cn)n∈Z+ , (ρn)n∈Z+
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(0.34) , ( ) .

.

, Ĉ ∞ 0

Ĉ W 1/z ‘Wiener ’ w 0.1 (W,w)

( ), ( ), ( ) , , .

‘ ’ .

, .

2010 Hasumi[6] . , ,

Hardy , Riemann Hardy

([8], [5] ) , ,

Hardy , Parreau Widom , M. Hayashi

Hasumi , “Parreau-Widom ” Hardy

,

, 10 . [6]

XI Hardy Riemann

[4] ,

, [6] [6] ,

[6] XI . Hasumi [4] Hardy Riemann

Heins [8] Heins

. [6] XI [4] [4] ,

. [6] XI [4]

. ,

,

, [4] . [6] XI , [4]

, ,

. [6] XI

, , ,

. , [6] XI , , [4]

.

[0,∞) Φ : [0,∞)→ R Φ(0) = 0 .

Φ

d(Φ) := lim
t→∞

Φ(t)

t
∈ (0,+∞]

, d(Φ) = +∞ ( , 0 < d(Φ) < +∞) Φ ( , ) . Φ Ψ

, s > 0

lim
t→∞

Ψ(t)

Φ(t− s) = 0

, Ψ ≺ Φ . Φ Ψ , Φ , Ψ

. d(Ψ) <∞ d(Φ) =∞ Ψ ≺ Φ . , d(Ψ) < +∞ ‘Ψ ≺ Φ ⇐⇒ d(Φ) =∞’
. Ψ ≺ Φ Φ Ψ . , W ⊂ Ĉ , Φ . W

f , W Φ(log+ |f |) W f HΦ(W ) , W

Φ Hardy-Orlicz . HΦ(W ) = C Ĉ W OΦ .

[6, XI] = [4]

Hasumi . Ψ ≺ Φ
OΨ < OΦ (strict inclusion).(0.35)
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Heins . [6, XI] = [4] (0.35) . Ψ ≺ Φ
a b [0,+∞) Ψ(t) � aΦ(t) + b (0 � t � +∞) , W ⊂ Ĉ

HΦ(W ) ⊂ HΨ(W ) . ,

OΨ ⊂ OΦ (Ψ ≺ Φ)(0.36)

. , 0 E E . ,

E ∈ E

HΦ(Ĉ\E) = C ( , Ĉ\E ∈ OΦ)(0.37)

. , E ∈ E
1

z
∈ HΨ(Ĉ\E) ( , Ĉ\E �∈ OΨ)(0.38)

. , E ∈ E

Ĉ\E ∈ OΦ\OΨ

, (0.36) (0.35) . (0.36) . (0.37)

, . (0.38) . (0.38) Ĉ\E
Ψ(log+(1/|z|)) Ĉ\E , , Ĉ\E m

∫
∂(Ĉ\E)

Ψ

(
log+

1

|ζ|
)
dm(ζ) < +∞

, Ψ(log+(1/|ζ|)) ∈ L1(∂(Ĉ\E),m) , Ψ(log+(1/|z|)) Ĉ\E
, 0.2 . 0.2 ,

,

, ,

, ,

Ψ (0.38)

Ψ E ∈ E E
1

z
�∈ HΨ(Ĉ\E)

( , (0.38) E ∈ E ). Ψ (0.35)

, (0.35) , Ψ (0.35) ,

(0.38) , (0.35) .

, ,

Heins [5]
(0.39)

, .

[6] XI .

, , . Hasumi

(0.35): OΦ\OΨ �= ∅ OΦ\OΨ Ĉ W 1 . Riemann

. W ∈ OΦ\OΨ W

W �∈ OΦ\OΨ , (0.39)

, .

, , Ĉ W W ∈ OΦ\OΨ , ,

OΦ\OΨ = ∅ . , [4] W ∈ OΦ\OΨ
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, W �∈ OΦ\OΨ W W ∈ OΦ\OΨ .

[4] . OΦ\OΨ = ∅
. [4]

, W E .⎧⎪⎨
⎪⎩
E ′ := {E ∈ E : 1

z
∈ HΨ(Ĉ\E)},

E ′′ := {E ∈ E : 1
z
�∈ HΨ(Ĉ\E)}

(0.40)

, 2 ⊕

E = E ′ ⊕ E ′′(0.41)

. [4] , Hasumi (0.35): OΨ < OΦ , ,

E = E ′ ( )(0.42)

.

“(0.42)⇒ (0.35)⇒ Heins ”(0.43)

. , , , 2 . 1

E = E ′ ( ,Ψ )(0.44)

, 2

E ′′ �= ∅ ( ,Ψ )(0.45)

. (0.41) 2

E = E ′ ⇐⇒ Ψ :

. , Ψ , (0.44) (0.42) , (0.43) Heins

(H1) OAB∗ <
⋂

0<p<∞
Op

(OAB∗ , Op 1.1 ). Ψ

, (0.41) (0.45)

E > E ′ ( ,Ψ )(0.46)

, (0.42) , (0.43) “Heins ” (0.39)

. Heins , Hejhal[10], Kobayshi[11, 12], , Heins , (H1) ,

(H2)
⋃

0<p<∞
Op < OAB

,

(H3)
⋃

0<q<p

Oq < Op <
⋂

p<q<∞
Oq (1 � p <∞)

(6.5 ). [4] (H1), (H2), (H3)
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(H4)
⋃

0<q<p

Oq < Op <
⋂

p<q<∞
Oq (0 < p < 1)

, , Heins , (H4)

, [4] (0.39) . (0.42)

E ′ �= ∅ ( )(0.47)

. E , (0.42) ⇒ (0.47), , (0.47) (0.42) . (0.43)

“(0.47)⇒ (0.35)⇒ Heins (H1)− (H4) ”(0.48)

. (0.47) , , . Ψ (0.44)

(0.47) , .{
Ψ E = E ′ (E ′′ �= ∅) [ (0.44) ],

Ψ E = E ′′ (E ′ = ∅) [ , (0.45) ]

, , . E ∈ E W = Ĉ\E W ∈ OΦ\OΨ

, [4] , . (0.47)

. (0.47) (

0.33 0.17 ). (0.47)

, , , (0.39)

, , .

,
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1. Hardy-Orlicz

Ĉ = C ∪ {∞} E Ĉ\E Φ

Hardy-Orlicz HΦ(Ĉ\E) (E,HΦ) ,

, .

1.1. .

[0,∞) Φ Φ(0) = 0 , [0,∞)
[0,∞) .

Ĉ R , R f Φ(log+ |f |) R

HΦ(R) . HΦ(R) R Φ Hardy-Orlicz . Φ(log+ |f |) R

, R ,

.

E ⊂ Ĉ , E V HΦ(V \E) = HΦ(V ) E

NΦ , NΦ E NΦ . Ĉ R HΦ(R) ,

HΦ(R) = C R OΦ . , , E ∈ NΦ Ĉ\E ∈ OΦ .

F F OF OF

, , OΦ , OΦ , OF OF

OΦ Φ Φ HΦ , OHΦ
OΦ . OΦ , Green G R

OG, AB(R) = C OAB .

0 < p <∞ , Φ(t) := ept − 1 (0 � t <∞) , Hardy-Orlicz

HΦ(R) Hp(R) , R p Hardy . NΦ OΦ Np Op .

NHp OHp . 0 < p < ∞ p = ∞ , H∞(R) := AB(R) ∞ Hardy

Hardy Hp(R) (0 < p <∞) , N∞ = NAB O∞ = OAB .

, Φ(t) = t HΦ(R), NΦ, OΦ AB∗(R), NAB∗ , OAB∗ , AB∗(R) R Nevanlinna ,

, , Lindelöf .

Hardy , t � 0 , tp � tq + 1 (0 < p < q < ∞) log+ t � tp/p
(0 < p), 0 < p < q <∞

AB∗(R) ⊃ Hp(R) ⊃ Hq(R) ⊃ AB(R),
NAB∗ ⊂ Np ⊂ Nq ⊂ NAB ,
OAB∗ ⊂ Op ⊂ Oq ⊂ OAB .

.

Hardy-Orlicz HΦ(R) Φ , , [0,∞) Φ

, HΦ(R) Φ
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{Φ} 2 . Φ , Φ(0) = 0 [0,∞)
, , , , 2 (0, 0) (t,Φ(t)) (t > 0) Φ(t)/t

t �→ Φ(t)/t (0 < t <∞)

t (Φ(t)/t)t=0 := lim
t↓0
Φ(t)/t [0,∞)

,

d(Φ) := lim
t↑∞

Φ(t)

t
∈ (0,+∞]

. 0 < d(Φ) � +∞ , , d(Φ) > 0 , d(Φ) < +∞ d(Φ) = +∞
d(t) = 1 < +∞, d(t2) = +∞). Φ d(Φ)

{Φ} 2

{Φ} = {Φ : d(Φ) = +∞} ∪ {Φ : d(Φ) < +∞}.

lim
t→∞

Φ(t)

t
= +∞

de la Vallée-Poussin , Φ , Φ

.

Φ0(t) := t (0 � t <∞)

[0,∞) Φ0 d(Φ0) = 1 <∞ , .

, Φ Φ0 . [0,∞) Φ d(Φ) < +∞
,

Φ , 2 1 � K < +∞ 0 < t0 < +∞
K−1Φ0(t) � Φ(t) � KΦ0(t) (t0 � t < +∞)

.

. HΦ(R) = HΦ0(R) . HΦ0(R) = AB∗(R) R Nevanlinna

AB∗(R) , , Φ HΦ(R) = AB∗(R), . Hardy-Orlicz

HΦ(R) , AB∗(R) AB(R) C C .

Φ . Hardy-Orlicz HΦ(R)

. , Φ

Φ(t+ log 2)

Φ(t)
= O(1) (t→ +∞)

. Φ Δ2 . doubling condition .

Φ , Δ2 Ξ Φ ,

Ξ(t)

Φ(t)
= o(1) (t→ +∞)

Ξ . Δ2 Φ

Ξ .

1.2. .

Hardy-Orlicz HΦ(R) , , HΦ(R) C C ,

, z , HΦ(R) , HΦ(R) ,

, HΦ(R) . R Ĉ\R
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, , [4] Ĉ .

F ⊂ Ĉ z0 ∈ F {z0} . F

F . F ⊂ Ĉ F

. F F . F

, F (nonpolar) . F .

F . E . (bn)
∞
n=0

0 < ρ < δ < 1 (an)
∞
n=0 . b0 = 1 (bn)

∞
n=0 .

0 < an � bn (n = 0, 1, · · · )
an+1

an
� ρ (n = 0, 1, · · · )

. (En)
∞
n=0 Ĉ\{0,∞} En

En ⊂ {δan � |z| � an} (n = 0, 1, · · · )

. Ĉ

E :=

( ∞⋃
n=0

En

)
∪ {0}

Ĉ (circular set) . En (n = 0, 1, · · · ) E , z = 0 E .

E 0 , 0 , E

. E E ⊂ C , ,

{(bn)∞n=0, 0 < ρ < δ < 1, (an)
∞
n=0, (En)

∞
n=0} 4 . E

. , ,

E =
( ∪∞
n=0 En

) ∪ {0} . , E Γ .

circular set c Γ .

,

Γ .

E =
( ∪∞
n=0 En

) ∪ {0} En ⊂ C\{0} E Ĉ ,

W := Ĉ\E ∞ Ĉ , ∂W = ∂(Ĉ\E) = E . Hardy-Orlicz

HΦ(W ) = HΦ(Ĉ\E) Φ E ∈ Γ (Φ, E) , Φ ,

E ∈ Γ . E ∈ Γ

W := Ĉ\E

Wn := {|z| > an}\E = {|z| > an}\
n−1⋃
k=0

Ek (n = 1, 2, · · · )

W , (Wn)
∞
n=1 W 0 “ ” . z = 0 , 0 < σ < +∞

C(σ) := {|z| = σ}

∂W = E, ∂Wn = C(an) ∪
( n−1⋃
k=0

Ek

)
(n = 1, 2, · · · )

.

E ∈ Γ . E ∈ Γ W

(Wn)
∞
n=0 ∞ W m ∞ Wn mn
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(n = 1, 2, · · · ). m E , (mn)
∞
n=1 E . m ∂W = E

Borel , ϕ ∈ C(∂W ) , m({0}) = 0 ,

HWϕ (∞) =
∫
∂W

ϕ(z) dm(z) =
∞∑
n=0

∫
En

ϕ(z) dm(z)

. mn ∂Wn =
( ∪n−1
k=0 Ek

) ∪ C(an) Borel ϕ ∈ C(∂Wn)

HWnϕ (∞) =
∫
∂Wn

ϕ(z) dmn(z) =

∫
C(an)

ϕ(z) dmn(z) +
n−1∑
k=0

∫
Ek

ϕ(z) dmn(z)

.

2.

E W := Ĉ\E E m (mn)
∞
n=1

, m mn . ( )

( ) .

2.1. .

m mn (n = 1, 2, · · · ) (mn)
∞
n=1 ,

Dirichlet PWB ( , Perron-Wiener-Brelot ) ,

1 , .

C R f Dirichlet . SRf ( , SRf ) R ( , )

( , ) s ζ ∈ ∂R

lim inf
R�z→ζ

s(z) � f(ζ) ( , lim sup
R�z→ζ

s(z) � f(ζ))

. , Perron

H
R

f := inf
s∈SRf

s ( , HRf := sup
s∈SRf

s)

R , s ∈ SRf ( , s ∈ SRf ) R s � s , R

H
R

f � HRf

. HRf (

HRf := H
R

f = H
R
f

), Dirichlet (R, f) PWB , R f . PWB

PWB , , ζ ∈ ∂R

lim
R�z→ζ

HRf (z) = f(ζ)

, . , Perron

, , ([3] p.21 )

a ∈ R , Dirichlet (R, f) , f ,

R s , s(a) < +∞ , , ε > 0

HR
f + εs ∈ SR

f HR
f − εs ∈ SR

f

.
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m mn , , , 2

.

X ⊂ Ĉ , C(X) X Banach C(X)+ := {ϕ ∈ C(X) : ϕ(z) �
0 (z ∈ X)} . μ, ν X Borel∫

X

ϕ(z) dμ(z) �
∫
X

ϕ(z) dν(z) (ϕ ∈ C(X)+)

, ν μ , μ � ν , . (μn)
∞
n=1 X Borel

, X Borel μ

lim
n→∞

∫
X

ϕ(z) dμn(z) =

∫
X

ϕ(z) dμ(z) (ϕ ∈ C(X))

, (μn)
∞
n=1 μ , lim

n→∞μn = μ . ϕ ϕ ∈ C(X)
ϕ ∈ C(X)+ . C(X) Jordan C(X) = C(X)+ � C(X)+ .

. E =
( ∪∞
n=0 En

) ∪ {0} m

(mn)
∞
n=1 . E Ej (j = 0, 1, · · · ) , m mj+n (n = 1, 2, · · · )

Ej Borel .

2.1.1 Ej (mj+n)
∞
n=1 ,

mj+n � mj+n+1 (n = 1, 2, · · · )(2.1.2)

, m ,

mj+n � m (n = 1, 2, · · · )(2.1.3)

, m ,

lim
n→∞mj+n = m.(2.1.4)

. ϕ ∈ C(Ej)+ . ϕ Ej ∂Wj+n ϕ|(∂Wj+n\Ej) = 0

ϕ ∈ C(∂Wj+n)+ (n = 1, 2, · · · ). ϕ ∈ C(Ej)+ Ej ∂W

ϕ|(∂W\Ej) = 0 ϕ ∈ C(∂W )+ . ϕ , ϕ ∈ C(Ej)+ ,

ϕ ∈ C(∂Wj+n)+ (n = 1, 2, · · · ), ϕ ∈ C(∂W )+ ,

. (2.1.2) – (2.1.4) .

(2.1.2) . Dirichlet (Wj+n, ϕ), (Wj+n+1, ϕ) (n = 1, 2, · · · ). ϕ ∈
C(∂Wj+n+1)

+ Dirichlet (Wj+n+1, ϕ) Wj+n+1 ,

, Wj+n+1 s s(∞) < +∞ ε > 0 HWj+n+1ϕ +εs ∈ SWj+n+1ϕ

. ϕ ∈ C(∂Wj+n+1)
+ , Wj+n+1 , C(aj+n) HWj+n+1ϕ � 0 , ϕ ∈ C(∂Wj+n)+

lim inf
Wj+n�z→ζ

(
HWj+n+1ϕ (z) + εs(z)

)
� ϕ(ζ)

ζ ∈ C(aj+n) . HWj+n+1ϕ + εs ∈ SWj+nϕ ,

HWj+nϕ (z) � HWj+n+1ϕ (z) + εs(z) (z ∈Wj+n)

. z =∞ , s(∞) < +∞ ε > 0 ε↘ 0

HWj+nϕ (∞) � HWj+n+1ϕ (∞) (n = 1, 2, · · · )(2.1.5)
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. ∫
Ej

ϕ(z) dmj+n =

∫
∂Wj+n

ϕ(t) dmj+n = H
Wj+n
ϕ (∞) (n = 1, 2, · · · )(2.1.6)

. (2.1.5) (2.1.6)n (2.1.6)n+1 (2.1.2) .

(2.1.3) . . Dirichlet (W,ϕ), (Wj+n, ϕ)

(n = 1, 2, · · · ). ϕ ∈ C(∂W )+ Dirichlet (W,ϕ) W ,

, W s s(∞) < +∞ ε > 0 HWϕ + εs ∈ SWϕ
. ϕ ∈ C(∂W )+ , W , C(aj+n) HWϕ � 0 , ϕ ∈ C(∂Wj+n)+

lim inf
Wj+n�z→ζ

(
HWϕ (z) + εs(z)

)
� ϕ(ζ)

ζ ∈ C(aj+n) . HWϕ + εs ∈ SWϕ , ζ ∈ ∂Wj+n\C(aj+n) (⊂ ∂W ) .

SWj+nϕ HWϕ + εs ∈ SWj+nϕ ,

HWj+nϕ (z) � HWϕ (z) + εs(z) (z ∈Wj+n)

. , z =∞ , s(∞) < +∞ ε ε↘ 0

HWj+nϕ (∞) � HWϕ (∞) (n = 1, 2, · · · )(2.1.7)

. , (2.1.6)∫
Ej

ϕ(z) dm(z) =

∫
∂W

ϕ(z) dm(z) = HWϕ (∞)(2.1.8)

. (2.1.7) (2.1.6) (2.1.8) (2.1.3) .

(2.1.4) . Dirichlet (W,ϕ), (Wj+n, ϕ) ,

, . ϕ ∈ C(∂W )+ ∂W

, ϕ Dirichlet (W,ϕ) W W s , s(∞) < +∞
ε > 0 HWϕ − εs ∈ SWϕ . Ej Ĉ\Ej , z = 0

Green g . ε′ > 0

HWϕ − εs− ε′g � HWϕ − εs ∈ SWϕ

, HWϕ − εs− ε′g ∈ SWϕ . ζ ∈ ∂Wj+n\C(aj+n) ⊂ ∂W

lim sup
Wj+n�z→ζ

(
HWϕ (z)− εs(z)− ε′g(z)

)
� lim sup
W�z→ζ

(
HWϕ (z)− εs(z)

)
� ϕ(ζ)

. W 0 � HWϕ � ||ϕ||Ej := supϕ|Ej < +∞ , inf g|C(aj+n)→ +∞ (n→∞) ε′ > 0
n0 ∈ N inf g|C(aj+n) � (||ϕ||Ej )/ε′ (n � n0) . C(aj+n)

HWϕ − εs− ε′g � ||ϕ||Ej − ε′ inf g|C(aj+n) � 0 = ϕ|C(aj+n) (n � n0)

, HWϕ − εs− ε′g ∈ SWj+nϕ , Wj+n , z =∞

HWϕ (∞)− εs(∞)− ε′g(∞) � HWj+nϕ (∞) � HWϕ (∞) (n � n0)

. (2.1.7) . ε n , ε ↘ 0 ,

n↘∞ ,

HWϕ (∞)− ε′g(∞) � lim inf
n→∞ HWj+nϕ (∞) � lim sup

n→∞
HWj+nϕ (∞) � HWϕ (∞)

– 31 –

－31－



, ε′ ε′ ↘ 0

HWϕ (∞) � lim inf
n→∞ HWj+nϕ (∞) � lim sup

n→∞
HWj+nϕ (∞) � HWϕ (∞)

. (2.1.6) (2.1.8)∫
Ej

ϕ(z) dm(z) � lim inf
n→∞

∫
Ej

ϕ(z) dmj+n � lim sup
n→∞

∫
Ej

ϕ(z) dmn+j(z) �
∫
Ej

ϕ(z) dm(z)

. lim
n→∞

∫
Ej

ϕ(z) dmj+n(z)

lim
n→∞

∫
Ej

ϕ(z) dmj+n(z) =

∫
Ej

ϕ(z) dm(z) (ϕ ∈ C(Ej)+, ϕ ∈ C(Ej))

. (2.1.4) . �

2.2. .

E =
(∪∞
n=0 En

)∪{0}
(bn)

∞
n=0 0 < ρ < δ < 1 (an)

∞
n=0 , E , E

, , , , . , E (mn)
∞
n=1

, C(an) = {|z| = an} mn(C(an)) ,

lim sup
n↗∞

mn(C(an)) log a
−1
n < +∞ ;(2.2.1)

, n � 1 , (aj)
n−1
j=0 (Ej)

n−1
j=0 , an (0, ρan−1)

lim inf
an↘0

mn(C(an)) log a
−1
n > 0.(2.2.2)

, , ,

. , , ,

,
(
mn(C(an) log a

−1
n

)∞
n=1

, ,

. 2 .

(2.2.1) , .

2.2.3. E B = B(E) N = N(E) ,

mn(C(an)) �
B

log a−1
n

(n � N).(2.2.4)

(0, δa0) b 1 {wb}0<b<δa0 . b ∈ (0, δa0)
wb {b < |z|}\E0 wb|C(b) = 1, wb|E0 = 0 Dirichlet PWB

. C(b) ∪ E0 , , wb {b < |z|}\E0

0 < wb < 1 . C(b) , wb C(b) 1

, wb|{0 < |z| � b} ≡ 1 , wb Ĉ\(E0 ∪ {0}) wb Ĉ\(E0 ∪ {0}) 0 < wb � 1
. 0 < b < b′ < δa0

0 < wb|C(b′) < 1 = wb′ |C(b′)

, Ĉ\(E0 ∪ {0})

0 < wb � wb′ � 1 (0 < b < b′ < δa0)
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. (wb)b↘0 , Harnack , (wb)b↘0 Ĉ\(E0 ∪ {0}) w0

, 0 � w0 � 1 . z = 0 , w0 , Riemann

, , w0 Ĉ\E0 , w0 Ĉ\E0 w0|E0 = 0 Dirichlet

PWB . w0(z) = 0 (z ∈ Ĉ\E0) , w0(∞) = 0 . {a0 < |z|}
(wb)b↘0 , wb(∞)↘ 0 (b↘ 0) . ,

b(E) ∈ (0, δa0)\ ∪∞
n=1 [δan, an], wb(E)(∞) < 1

3
(2.2.5)

b(E) . b(E) . b(E) < δa0 < a0 an < b(E) n ∈ N
. n N(E) ∈ N

N(E) := min{n ∈ N : an < b(E)}.(2.2.6)

n n � N(E) . an < b(E) . {b(E) < |z|}\E0 ∞
μ = μE , μE(C(b(E))) = wb(E)(∞) < 1/3

μE(C(b(E))) <
1

3
(2.2.7)

. , b = b(E), μ = μE . N = N(E) .

3 < β(E) <∞(2.2.8)

β(E) a0 � 1 < β(E)/3 <∞. β = β(E) .

n > N(E) . n ↗ ∞ .

{an < |z|}\E0 v|C(an) = 1, v|E0 = 0 Dirichlet v v(∞) . C(b) v, E0

0 {b < |z|}\E0 (⊂ {an < |z|}\E0) Dirichlet v

v(∞) =
∫
C(b)

v(z) dμ(z)(2.2.9)

μ . (2.2.8) β = β(E) , v|C(β) v(∞) . ∞
Ĉ , 0 C

v̂(ζ) := v(1/ζ)

. v̂(ζ) Δ(3β−1) := {|ζ| � 3β−1} v(z) {β/3 � |z|}
, v|C(β) v(∞) v̂|C(β−1) v̂(0) , v v̂

. v̂ Δ(3β−1) ( v̂ ∈ HP (Δ(3β−1)) , βeiθ ∈ C(β) β−1e−iθ ∈ C(β−1)

3β−1eit ∈ C(3β−1) = ∂Δ(3β−1) v̂ Poisson

v(βeiθ) = v̂(β−1e−iθ) =
1

2π

∫ 2π

0

(3β−1)2 − (β−1)2

(3β−1)2 − 2(3β−1)(β−1) cos(t+ θ) + (β−1)2
v̂(3β−1eit) dt

=
1

2π

∫ 2π

0

9− 1
9− 2 ·3 ·1 cos(θ + t) + 1 v̂(3β

−1eit) dt � 1

2π

∫ 2π

0

9− 1
9− 2 ·3 ·1 + 1 v̂(3β

−1eit) dt

= 2 · 1
2π

∫ 2π

0

v̂(3β−1eit) dt = 2v̂(0) = 2v(∞)

. , , Harnack

v|C(β) � 2v(∞)(2.2.10)

.

V := {an � |z| � β}\E0 2 v(z)

v0(z) :=
log |z|

β

log anβ
+ 2v(∞)
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. V ∂V = C(an) ∪ E0 ∪ C(β) 2 . C(an) v = 1 <

1 + 2v(∞) = v0, v|C(an) < v0|C(an) . v E0 q.e. v = 0 . z ∈ E0

|z| < β , an < a0 < β/3 < β , E0 log(|z|/β)/ log(an/β) > 0 |z|/β, an/β < 1 ,

2v(∞) > 0 E0 v0 > 0 . v|E0 = 0, v0|E0 > 0 , v|E0 < v0|E0 .

C(β) (2.2.10) v � 2v(∞) , v0(z) = 0+ 2v(∞) = 2v(∞) (z ∈ C(β)) v|C(β) � v0|C(β) .

v|∂V � v0|∂V

V v � v0 . C(b) ⊂ V , z ∈ C(b), |z| = b

v|C(b) � v0|C(b) = log(b/β)/ log(an/β) + 2v(∞)

. 0 < b(E) < 1 < β(E) <∞ log β(E) > 0 , 1 < β(E)/b(E) <∞

B(E) := log
β(E)

b(E)
∈ (0,∞)(2.2.11)

, an (n � N(E)) . B = B(E) .

v|C(b) � log βb
log βan

+ 2v(∞) = B

log a−1
n + log β

+ 2v(∞) � B

log a−1
n

+ 2v(∞)

.

v|C(b) � B

log a−1
n

+ 2v(∞).(2.2.12)

v(∞) (2.2.9)

v(∞) �
∫
C(b)

(
B

log a−1
n

+ 2v(∞)
)
dμ(z) =

(
B

log a−1
n

+ 2v(∞)
)
μ(C(b))

.

(1− 2μ(C(b)))v(∞) � μ(C(b))B
log a−1

n

. (2.2.7) μ(C(b)) < 1/3 < 1/2 , 1 − 2μ(C(b)) > 0 1 − 2μ(C(b))

v(∞) � μ(C(b))

1− 2μ(C(b)) ·
B

log a−1
n

. μ(C(b)) < 1/3

μ(C(b))

1− 2μ(C(b)) �
1/3

1− 2
3

= 1

, v(∞) ,

v(∞) � B

log a−1
n

(n � N(E)).(2.2.13)

Wn := {an < |z|}\E = {an < |z|}\ ∪n−1
j=0 Ej (n > N(E)) ∞ mn

. Wn un|C(an) = 1, un| ∪n−1
j=0 Ej = 0 Dirichlet un

mn(C(an)) = un(∞)(2.2.14)

. un|∂Wn � v|∂Wn Wn un � v , un(∞) � v(∞)
, (2.2.13) (2.2.14)

mn(C(an)) = un(∞) � v(∞) � B

log a−1
n

(n � N(E))
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. (2.2.4) . �

. 2 (2.2.2) ,

. , , E , n ∈ N
, {aj}n−1

j=0 {Ej}n−1
j=0 , {aj}∞j=n, {Ej}∞j=n

n mn(C(an)) · log a−1
n an (0, ρan−1) an ↘ 0 n

.

2.2.15. {
√
ρδan−1 < |z|}\ ∪n−1

j=0 Ej C(
√
ρδan−1) ∞ Bn−1

an ∈ (0, ρan−1) .

lim inf
(0,ρan−1)�an↘0

mn(C(an)) · log a−1
n � Bn−1 log

√
δ

ρ
.(2.2.16)

∗ Wn := {an < |z|}\ ∪n−1
j=0 Ej ∞ mn . u|C(an) = 1,

u|(∂Wn\C(an)) = 0 Dirichlet u . Ω := {
√
ρδan−1 < |z|}\ ∪n−1

j=0 Ej ∞
ω . mn

u(∞) =
∫
C(an)

u(z) dmn(z) =

∫
C(an)

dmn(z) = mn(C(an))(2.2.17)

. u u|C(
√
ρδan−1) = u, u|(∂Ω\C(

√
ρδan−1)) = 0 Dirichlet (Ω, ∂Ω) ω

u(∞) =
∫
C(

√
ρδan−1)

u(z) dω(z)

. (2.2.17)

mn(C(an)) =

∫
C(

√
ρδan−1)

u(z) dω(z)(2.2.18)

. R := {an < |z| < δan−1} 2 u(z)

u0(z) := (log |z| − log(δan−1))/(log an − log(δan−1))

. u|C(an) = u0|C(an) = 1 u|C(δan−1) � 0 = u0|C(δan−1), u|∂R � u0|∂R
R u � u0 .

u|C(
√
ρδan−1) � u0|C(

√
ρδan−1) = (log

√
δ/ρ)/(log a−1

n )(1 + (log(δan−1))/(log a
−1
n ))

. (2.2.18) u|C(
√
ρδan−1)

mn(C(an)) �
1

log a−1
n

· log
√
δ/ρ

1 + (log(δan−1))/(log a
−1
n )

∫
C(

√
ρδan−1)

dω(z)

, ω(C(
√
ρδan−1)) = Bn−1

mn(C(an)) · log a−1
n � Bn−1 log

√
δ/ρ

1 + (log(δan−1))/(log a
−1
n )

. an ↘ 0 , log(δan−1))/(log a
−1
n )↘ 0 (an ↘ 0) , (2.2.16)

. �

∗ [6], 3.1 (p.349) .
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3.

Ω Ĉ ∞ , ∞ Ω ω . u Ω Ω

0 � u �∞ , u|Ω Ω .

u|∂Ω ∂Ω ω ,

∫
∂Ω

u(z) dω(z) < +∞ ,

u|∂Ω Ω s , u|Ω � s

. ,

, Ω u , .

. , E , Ψ

Ω := Ĉ\E, u(z) := Ψ(log+ |1/z|) (z ∈ Ĉ)

Ω u . Ω, u Ψ(log+ |1/z|)
Ĉ/E , , 1/z ∈ HΨ(Ĉ/E) 3.1

. 1/z ∈ HΨ(Ĉ\E)

1/z Ĉ0 := Ĉ\{0} , z = 0 1 , 1/z

Ĉ0 f(z)

. f ∈ HΨ(Ĉ\E)

. 3.2 . 〈Ĉ\E,Ψ(log+ |1/z|)〉
, f z = 0 〈Ĉ\E,Ψ(log+ |f |)〉 , , Ψ(log+ |1/z|)

Ĉ\E Ψ(log+ |f |) . , .

3.3 3.4 , 2 .

3.1. .

Ĉ R A(R) . Ψ , f ∈ A(R)

Ψ(log+ |f |)(3.1.1)

R .

. A(R) f = 0 , , R f ≡ 0 (3.1.1) 0 ,

. A(R) f �= 0 . f R Z(f) . R\Z(f)
log f log |f | , z0 ∈ R\Z(f) ρ(z0) = dis(z0, Z(f)∪∂R)

, 0 < r < ρ(z0)

log |f(z0)| = 1

2π

∫ 2π

0

log |f(z0 + reiθ)|dθ � 1

2π

∫ 2π

0

log+ |f(z0 + reiθ)|dθ

log+ |f(z0)| � 1

2π

∫ 2π

0

log+ |f(z0 + reiθ)|dθ

. Ψ , Jensen

Ψ(log+ |f(z0)|) � 1

2π

∫ 2π

0

Ψ(log+ |f(z0 + reiθ)|)dθ (0 < r < ρ(z0))(3.1.2)

. z0 ∈ Z(f) 0 < r < dis(z0, ∂R) . (3.1.1) R (3.1.2)

, R . �
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Ĉ C 0 +∞ B(0,+∞) .

ϕ : Ĉ→ Ĉ ϕ(z) = 1/z

Ĉ0 := Ĉ\{0} = ϕ(C)

, Ĉ0 Ĉ

A(Ĉ0) = A(C) ◦ ϕ

, A(C) z A(C)\C . 1/z A(Ĉ0)\C
. Ĉ0

Ψ(log+ |1/z|)(3.1.3)

.

E := (∪∞
n=0En) ∪ {0} 0 , W := Ĉ\E . W , E En, E

, Ĉ , W = Ĉ w(z) := Ψ(log+ |1/z|) (Ĉ0 )

w|W . W ∞ m, W 0 Wn := {an < |z|}\E ∞
mn . Wn C(an) := {|z| = an} mn(C(an)) .

,

∫
E

Ψ(log+ |z−1|)dm(z) =
∞∑
n=0

∫
En

Ψ(log+ |z−1|)dm(z) < +∞

, (3.1.3) w(z) = Ψ(log+ |z−1|) W , 1/z ∈ HΨ(Ĉ\E)
. , , 1/z ∈ HΨ(Ĉ\E)

, ,

3.1.4.( ) 1/z ∈ HΨ(ĈC\E) , 2 :∫
E

Ψ(log |z−1|)dm(z) < +∞;(Ψ.1)

sup
n∈NN

Ψ(log a−1
n )mn(C(an)) < +∞.(Ψ.2)

3.2. .

( 3.1.4) 1/z ∈ A(Ĉ0) 1/z ∈ HΨ(Ĉ\E) , 1/z ∈ A(Ĉ0)

f ∈ A(Ĉ0) , f ∈ HΨ(Ĉ\E) , .

, 1/z f ( 3.2.1) .

, , .

.

3.2.1.( ) f ĈC0 := ĈC\{0} . f ∈ HΨ(ĈC\E)
, 2 :∫

E

Ψ(log+ |f(z)|)dm(z) < +∞;(3.2.2)

sup
n∈NN

∫
C(an)

Ψ(log+ |f(z)|)dmn(z) < +∞.(3.2.3)

: (3.2.2) f(z) 1/z (Ψ.1) , an � 1 (n ∈ N)∫
C(an)

Ψ(log+ |1/z|)dmn(z) =
∫
C(an)

Ψ(log a−1
n )dmn(z) = Ψ(log a

−1
n )mn(C(an))
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(3.2.3) f(z) 1/z (Ψ.2) ,

( ) . 3.1.4 , 3.2.1 ,

.

3.2.1 . W = Ĉ\E , W Ĉ Ĉ0 := Ĉ\{0} ,

. W n = 1, 2, · · ·

Wn := {an < |z|}\E = {an < |z|}\ ∪n−1
j=0 Ej

, E\{0} = ∪∞
j=0Ej W Ĉ0 , {0} W Ĉ0 (Wn)

∞
n=1

W 0 (exhaustion) . ∞ ∈Wn ⊂W (n ∈ N) , ∞ W Wn

(n = 1, 2, · · · ) .

b(z) := Ψ(log+ |f(z)|) (z ∈ Ĉ0)

, b Ĉ0 0 � b < +∞ , . Ĉ , 0

, , . Wn b|∂Wn Dirichlet HWnb b|∂Wn
, ∂Wn 1 C(an) HWnb C(an)

b . n = 1, 2, · · ·

HWnb (z) = b(z) (z ∈W\Wn)

, HWnb W , , W

0 � b � HWnb � HWn+1b (n = 1, 2, · · · )(3.2.4)

. mn ∞ Wn

HWnb (∞) =
∫
∂Wn

b(z) dmn(z) =

∫
∪n−1j=0 Ej

b(z) dmn(z) +

∫
C(an)

b(z) dmn(z)

.

HWnb (∞) =
n−1∑
j=0

∫
Ej

b(z) dmn(z) +

∫
C(an)

b(z) dmn(z) (n = 1, 2, · · · )(3.2.5)

. f ∈ A(Ĉ0) .

f ∈ HΨ(Ĉ\E) = HΨ(W ) , , b = Ψ(log+ |f |) W s W b � s
. n = 1, 2, · · · , Wn b � s , , s ∈ SWnb

HWnb (∞) � s(∞) (n = 1, 2, · · · )

. (3.2.5) ,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n−1∑
j=0

∫
Ej

b(z) dmn(z) � s(∞)∫
C(an)

b(z) dmn(z) � s(∞)
(n ∈ N).(3.2.6)

k ∈ N . k � n n ∈ N ,
∑n−1
j=0

∫
Ej
b(z) dmn(z)∑k−1

j=0

∫
Ej
b(z) dmn(z) , (3.2.6) 1

k−1∑
j=0

∫
Ej

b(z) dmn(z) � s(∞) (k � n ∈ N)
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. 2.1.1 , 0 � j � k − 1 Ej

lim
j<n↗∞

mn = m

(
, lim
n↗∞

∫
Ej

b(z) dmn(z) =

∫
Ej

b(z) dm(z) (j = 0, · · · , k − 1)
)

,

k−1∑
j=0

∫
Ej

b(z) dm(z) = lim
n↗∞

( k−1∑
j=0

∫
Ej

b(z) dmn(z)

)
� s(∞)

. k ∈ N
∫
E

b(z) dm(z) =

∞∑
j=0

∫
Ej

b(z) dm(z) = lim
k↗∞

( k−1∑
j=0

∫
Ej

b(z) dm(z)

)
� s(∞)

, (3.2.2) . (3.2.3) (3.2.6) 2 . (3.2.2) & (3.2.3) f ∈ HΨ(Ĉ\E)
.

(3.2.2) & (3.2.3) f ∈ HΨ(Ĉ\E) = HΨ(W ) . 0 < K < +∞
(3.2.2) (3.2.3) , (3.2.5) 2.1.1

HWnb (∞) =
n−1∑
j=0

∫
Ej

b(z) dmn(z) +

∫
C(an)

b(z) dmn(z) �
n−1∑
j=0

∫
Ej

b(z) dm(z) +

∫
C(an)

b(z) dmn(z)

�
∞∑
j=0

∫
Ej

b(z) dm(z) +

∫
C(an)

b(z) dmn(z) �
∫
E

b(z) dm(z) +

∫
C(an)

b(z) dmn(z) � K +K = 2K

. (3.2.4) (HWnb )∞n=0 W HWnb (∞) � 2K (n ∈ {0} ∪N) , Harnack

W s := lim
n↗∞

HWnb , s W

Ψ(log+ |f |) = b � s

f ∈ HΨ(W ) = HΨ(Ĉ\E) . (3.2.2) & (3.2.3) f ∈ HΨ(Ĉ\E)
. �

.

(Ψ.1) & (Ψ.2) ⇐⇒ 1/z ∈ HΨ(ĈC\E)

. . Ω u Ω = Ĉ\E, u = Ψ(log+ |1/z|)
.

∫
Ω

u(z) dω(z)

∫
E

Ψ(log+ |1/z|) dm(z) u ∈ L1(∂Ω, dω) (Ψ.1) ,

u = Ψ(log+ |1/z|) 1/z ∈ HΨ(Ĉ\E) ,

(Ψ.1) ⇒ 1/z ∈ HΨ(Ĉ\E)

. , , , ,

(Ψ.1) ⇐⇒ 1/z ∈ HΨ(Ĉ\E)

. ,

Dirichlet , .

. , (Ψ.2)

(Ψ.1) . , , Ψ

( ) , (Ψ.2) , . Ψ

(Ψ.2) , .
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, , (Ψ.1) 1 , (Ψ.2) ,

1 , 2 .

3.3. (Ψ.1) .

E Ĉ\E Ψ ,

(Ψ.1) :

∫
E

Ψ(log+ |1/z|) dm(z) < +∞

E , 2 :

E , E , .

, (Ψ.1) ,

(Ψ.1) , .

. E (En)
∞
n=0 , En ⊂ {δan � |z| � an} (n = 0, 1, · · · )∫

E

Ψ(log+ |1/z|)dm(z) =
∞∑
n=0

∫
En

Ψ(− log |z|)dm(z) �
∞∑
n=0

Ψ(− log(δan))m(En)

. , , (m(En))n∈N

0 < m(En) � 2−nΨ(− log(δan))−1 (n ∈ N)(3.3.1)

(Ψ.1) . n ∈ N m(En) En

, . m Ĉ\E En

E , m E . , m(En) ,

m(En) = 0 . En , .

En (3.3.1) , .

K → c(K) , .

0 < a < +∞ , z = 0 a ( ) B(a) ( B(a)) . F ⊂ Ĉ\B(a)
Ĉ\F ∞ . B(a) K ⊂ B(a)

K → c(K) . (Ĉ\F )\K ∂((Ĉ\F )\K) = ∂F ∪ ∂K
χ = χK χ|∂F = 0 χ|∂K = 1 . (Ĉ\F )\K χ Dirichlet

Parreau-Wiener-Brelot H(Ĉ\F )\K
χK ([3] ).

c(K) = H(Ĉ\F )\K
χK (∞)(3.3.2)

K ⊂ B(a) {a, F} . K ∅ χ∅ ≡ 0
c(∅) = 0 .

0 � c(K) < 1, c(∅) = 0(3.3.3)

. c(∅) = 0 c(K) = 0 . L ⊂ Ĉ ( , )

Ĉ\L , ∞ ∈ Ĉ\L ∞ . (Ĉ\L)∞

L̂ := Ĉ\(Ĉ\L)∞

. L̂ L Ĉ . F , K (3.3.2)

, (Ĉ\F )\K = (Ĉ\K)\F ∞ , (Ĉ\K)∞\F = (Ĉ\F )\K̂

H(Ĉ\F )\K
χK (∞) = H(Ĉ\F )\K̂

χK̂
(∞) = H(Ĉ\K̂)\F

χK̂
(∞)

c(K) = c(K̂)(3.3.4)
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.

K ⊂ B(a) , c(K) = 0 K

cap(K) = 0 .

. c(K) = 0 cap(K) = 0 . (3.3.4) c(K̂) = 0 . c(K̂) (3.3.2)

H(Ĉ\K̂)\F
χK̂

(∞) = 0 . (Ĉ\K̂)\F

H(Ĉ\K̂)\F
χK̂

≡ 0(3.3.5)

. §2.1 , (Ĉ\K̂)\F s , ε > 0

H(Ĉ\K̂)\F
χK̂

+ εs ∈ S(Ĉ\K̂)\F
χK̂

. (3.3.5)

εs ∈ S(Ĉ\K̂)\F
χK̂

(ε > 0)(3.3.6)

. (Ĉ\K̂)\F Riemann Ĉ\K̂ , ∂K̂ ∂F . (3.3.6)

, ζ ∈ ∂K̂

lim inf
z∈Ĉ\K̂,z→ζ

εs(z) � χK̂(ζ) = 1, , lim inf
Ĉ\K̂�z→ζ

s(z) � 1/ε (ε > 0)

, ζ ∈ ∂K̂ ζ ′ ∈ ∂F

lim
Ĉ\K̂�z→ζ

s(z) = +∞, “ lim inf
(Ĉ\K̂)\F�z→ζ′

s(z) � 0 (ζ ′ ∈ ∂F )”

. s , Ĉ\K̂ ∈ OG ( , Ĉ\K̂ ) , K̂ K̂ = Ĉ\(Ĉ\K̂) ,

cap(K̂) = 0 ( [15] ). K ⊂ K̂ cap(K) = 0 .

cap(K) = 0 c(K) = 0 . cap(K) = 0 K , Ĉ\K ,

Riemann . cap(K) = 0 , (Ĉ\K)\F Evans u . , u (Ĉ\K)\F
, ζ ∈ ∂K ζ ′ ∈ ∂F

lim
Ĉ\K�z→ζ

u(z) = +∞, “ lim inf
(Ĉ\K)\F�z→ζ′

u(z) � 0”

. ε > 0 εu ∈ S(Ĉ\K)\F
χK

c(K) = H(Ĉ\K)\F
χK (∞) � εu(∞) (ε > 0)

, ε↘ 0 c(K) = 0 . �

c(K) 3 .

.

(a) : B(a) 2 K1, K2 c(K1) � c(K2) (K1 ⊂ K2);

(b) : B(a) 2 K1, K2 c(K1 ∪K2) � c(K1) + c(K2);

(c) : B(a) K1 ⊃ · · · ⊃ Kn ⊃ Kn+1 ⊃ · · · lim
n→∞ c(Kn) = c

( ⋂
n∈N

Kn
)
.

3 c(K) (3.3.2) ( [13],

[7] ). 3 (a),(b),(c) , ( [13]

)

. K B(a) c(K) > 0 . , 0 � α � c(K) α

, Kα ⊂ K Kα c(Kα) = α .

{c(L) : L ⊂ K} = [0, c(K)].
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E Ψ . E 0 < ρ < δ < 1 (an)
∞
n=0

. E (En)
∞
n=0 , E0 , (En)

∞
n=1 . Ĉ\ ∪∞

n=0 En m

. c(K) {a1, E0} K ⊂ B(a1) .

m(Ek) � c(Ek) (k ∈ N)(3.3.7)

. E0 . k = 1, 2, · · · . (En)n∈N

(E′
n)n∈N Ĉ\(E0 ∪ (∪n∈NEn)) m Ĉ\(E0 ∪ (∪n∈NE

′
n)) m′ ,

(3.3.7)

m′(E′
k) � c(E′

k) (k ∈ N)

. c E0 .

(3.3.7) . k ∈ N

W := Ĉ\
∞⋃
n=0

En, Rk := Ĉ\(E0 ∪ Ek)

. ∂W χk χk|En = δkn (n = 0, 1, · · · ) ∂Rk χ χ|Ej = δ0j (j = 0, k)

. m c

m(Ek) = H
W
χk
(∞), c(Ek) = H

Rk
χ (∞)(3.3.8)

. ∂W χ′ , χ′|E0 ∪Ek = χ|E0 ∪Ek χ′|∂W\(E0 ∪Ek) = HRkχ |∂W\(E0 ∪Ek) . Rk

HRkχ > 0 , ∂W\(E0 ∪ Ek) χk � χ′, E0 ∪ Ek χk = χ
′ ∂W χk � χ′ W HWχk � H

W
χ′ = H

Rk
χ

HWχk(∞) � HRkχ (∞) . (3.3.8) m(Ek) � c(E), , (3.3.7) . �

(Ψ.1) E = {0}∪(∪∞
n=0En) Ψ (Ψ.1)

E , En (n ∈ N) . ,

n ∈ N , En 0 < c(En) < 1 ( ). αn := min{2−nΨ(− log(δan))−1, c(En)}
, αn ∈ (0, c(En)] , En E′

n c(E′
n) = αn ( ). 0 < αn �

2−nΨ(− log(δan))−1

0 < c(E′
n) � 2−nΨ(− log(δan))−1

. Ĉ\({0} ∪ (∪∞
n=0E

′
n)) m′ (3.3.7)

0 < m′(E′
n) � 2−nΨ(− log(δan))−1

. E′
n En, m

′ m , (3.3.1) , (Ψ.1) .

, . E E0

(En)
∞
n=1 (Ψ.1) E , E ,

(bn)
∞
n=0 (Ψ.1) .

2 Φ Ψ , [4] s > 0

Ψ(t)

Φ(t− s) = o(1) (t↗ +∞).(3.3.9)

Φ Ψ 〈Φ,Ψ〉 , .

〈Φ,Ψ〉 Φ

. (3.3.9) s = 0 Ψ(t)/Φ(t) = o(1) (t ↗ +∞) . (Ψ(t)/t)/(Φ(t)/t) = o(1)

(t↗ +∞) . , Φ 0 < d(Φ) < +∞ d(Ψ)/d(Φ) = 0 d(Ψ) = 0
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, 0 < d(Ψ) �∞ . d(Φ) = +∞, , Φ

. �

〈Φ,Ψ〉 Φ , Ψ ,

. , , 0 < d(Ψ) < +∞ .

d(Φ) = +∞ d(Ψ) < +∞ , Φ Ψ 〈Φ,Ψ〉

. s � 0 . t > 0

Ψ(t)

Φ(t− s) =
Ψ(t)/t

Φ(t− s)/(t− s) ·
t

t− s →
d(Ψ)

d(Φ)
·1 = 0 (t↗ +∞),

, (3.3.9) , Φ Ψ 〈Φ,Ψ〉 . �

, E (En)
∞
n=0 , (bn)

∞
n=0 0 < ρ < δ < 1

(an)
∞
n=0 . (bn)

∞
n=0 b0 = 1 , (an)

∞
n=0 an � bn

(n = 0, 1, · · · ) , . ,

(bn)
∞
n=0 (Ψ.1) , [4] .

.

〈Φ,Ψ〉 . E (bn)
∞
n=0 , , 3

, 0 < δ < 1 〈Φ,Ψ〉 1 , , (bn)
∞
n=0 ,

b0 = 1; 2 , bn < 1/n (n = 1, 2, · · · ); 3 , n ∈ N

0 < Ψ
(
log
t

δ

)
� 1

2n
Φ
(
log
t

n

) ( 1
bn
< t

)
(3.3.10)

. , 〈Φ,Ψ〉

0 < δ < 1 〈Φ,Ψ〉
, 1 〈Φ,Ψ〉 (bn)

∞
n=0 .

. b0 = 1 . n ∈ N

σn := log
n

δ
> 0

. σn (3.3.9) s , (3.3.9)

Ψ(τ)/Φ(τ − σn) = o(1) (τ ↗ +∞)

, τn > 0

0 < Ψ(τ)/Φ(τ − σn) � 1/2n (τ � τn)(3.3.11)

. Φ Ψ . n ∈ N

bn :=
1

neτn
(n ∈ N)(3.3.12)

. b0 = 1 0 < bn < 1/n (n ∈ N) , (bn)
∞
n=0 1 2 .

3 , (3.3.10) . (3.3.11)

τ = log t− log δ

σn = log n− log δ τ − σn = log t− log n

0 < Ψ(log t− log δ) � 1

2n
Φ(log t− log n) (log t− log δ � τn)
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. bn (3.3.12) τn = − log n− log bn , log t− log δ � τn log t+ log n− log δ � − log bn
. log n− log δ > 0 log t+ log n− log δ � − log bn log t � − log bn, t � 1

bn
. (bn)

∞
n=0 3 (3.3.10) .

. �

(Ψ.1) (bn)
∞
n=0, 0 < ρ < δ < 1, (an)

∞
n=0 E =

{0} ∪ ( ∪∞
n=0 En

)
Ψ .

3.3.13. 3 1◦ - 3◦ Φ , E (Ψ.1)

1◦ 〈Φ,Ψ〉
2◦ (bn)

∞
n=0 〈Φ,Ψ〉

3◦ sup
n∈N

Φ(− log(nan))m(En) < +∞.

. 2◦ (3.3.10) , an � bn (n = 0, 1, · · · ) 1/an � 1/bn

0 < Ψ(− log(δan)) � 1

2n
Φ(− log(nan)) (n ∈ N)

. 3◦ K 0 < K < +∞
m(En) � K/Φ(− log(nan)) (n ∈ N)

. En ⊂ {δan � |z| � an} (n = 0, 1, · · · ) , z ∈ En |z|−1 � (δan)
−1 , n ∈ N

z ∈ En Ψ(log+ |1/z|) � Ψ(− log(δan))∫
En

Ψ
(
log+

∣∣∣1
z

∣∣∣)dm(z) � Ψ(− log(δan))m(En) � 1

2n
Φ(− log(nan)) ·(K/Φ(− log(nan))) = K

2n

.
∫
{0}Ψ(log

+ |1/z|)dm(z) = (+∞)m({0}) = (+∞) ·0 = 0, ∫
E0
Ψ(log+ |1/z|)dm(z) � Ψ(− log(δa0))m(E0)

∫
E

Ψ
(
log+

∣∣∣1
z

∣∣∣)dm(z) = ∫
{0}∪E0

Ψ
(
log+

∣∣∣1
z

∣∣∣)dm(z) + ∞∑
n=1

∫
En

Ψ
(
log+

∣∣∣1
z

∣∣∣)dm(z)
� Ψ(− log(δa0))m(E0) +

∞∑
n=1

K

2n
< +∞

, (Ψ, 1) . �

3.4. (Ψ.2) .

E W = Ĉ\E E m , W 0 (Wn)
∞
n=0

Wn = {an < |z| � ∞}\E E mn (n ∈ N) . Ψ

(Ψ.1) m , (Ψ.2) mn (n ∈ N)

(Ψ.2): sup
n∈N

Ψ(− log an)mn(C(an)) < +∞,

, C(an) = ∂B(an) = {|z| = an} = (∂Wn)\E . (Ψ.2) , §2.2.2 mn(C(an))

(2.2.1) (2.2.2) . E (Ψ.2) , E (Ψ.2)

. E (Ψ.2) , E (Ψ.2) . ,

(Ψ.2) E (Ψ.2) E .

3.4.1. Ψ ( , d(Ψ) < +∞) , E (Ψ.2)

. , Ψ E (Ψ.2) .

. (2.2.4) mn(C(an)) � B/(− log an) (n � N) B = B(E) N = N(E)

.

Ψ(− log an)mn(C(an)) � BΨ(− log an)− log an � Bd(Ψ) < +∞ (n � N)
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, A := max1�n�N Ψ(− log an)mn(C(an)) < +∞

sup
n∈N

Ψ(− log an)mn(C(an)) � max{A,Bd(Ψ)} < +∞

, (Ψ.2) . �

d(Ψ) < +∞ E (Ψ.2) . d(Ψ) = +∞
, .

Ψ(− log an)mn(C(an)) =
(
Ψ(− log an)
− log an

)
· (mn(C(an))(− log an))

, 1 m↗ +∞ d(Ψ) , 2 n↗ +∞
. d(Φ) < +∞ , n . d(Ψ) = +∞

2 E (Ψ.2) , .

, , , ∞·0 , .

d(Ψ) =∞ , .

3.4.2. Ψ ( , d(Ψ) = +∞) , (Ψ.1) , (Ψ.2)

E ; Ψ , (Ψ.2) E ; Ψ

, E (Ψ.1) , 1/z ∈ HΨ(Ĉ\E) E , :

(Ψ.1) ⇐⇒ 1/z ∈ HΨ(Ĉ\E)
⇐= , =⇒ , , .

. E . , (bn)
∞
n=0 b0 = 1

1 . , 2 0 < ρ < δ < 1 . (an)
∞
n=0

(En)
∞
n=0 , . 0 < a0 � b0 = 1 a0

. ( , cap(E0) > 0) E0 ⊂ {δa0 � |z| � a0} .

|z| = (1 + δ)a0/2 Cantor . c(K) {|z| � ρa0} K ∞ (ρa0, E0)

((3.3.2) ). (an)
∞
n=0 (En)

∞
n=0

Ψ(− log an)mn(C(an)) � n (n ∈ N);(3.4.3)

0 < c(En) � 2−nΨ(− log(δan)) (n ∈ N)(3.4.4)

2 . 2 α, β α ∨ β = max{α, β}, α ∧ β = min{α, β},
.

1 . a1 a1 (0, b1 ∧ (ρa0)) . 2.2.15

R0 = R1−1 := {
√
ρδa0 < |z|}\E0

C(
√
ρδa0) R0 ∞ B0 = B1−1 , {a1 < |z|}\E0 ∞
m1 , (2.2.16)

lim inf
a1↘0

m1(C(a1))(− log a1) � B0 log

√
δ

ρ

.

Ψ(− log a1)m1(C(a1)) =
Ψ(− log a1)
− log a1

(
m1(C(a1)) ·(− log a1)

)
a1 ↘ 0

lim inf
a1↘0

Ψ(− log a1)m1(C(a1)) � d(Ψ) ·B0 log

√
δ

ρ
= +∞

– 45 –

－45－



, a1 ∈ (0, b1 ∧ (ρa0)) Ψ(− log a1)m1(C(a1)) � 1, , 0 < a1 � b1, 0 < a1 < ρa0,
(3.4.3)n=1 a1 . E1 . ( , cap(E′

1) > 0)

E′
1 ⊂ {δa1 � |z| � a1} . c(E′

1) � 2−1Ψ(− log(δa1))−1 E1 = E
′
1 . 2−1Ψ(− log(δa1))−1 < c(E′

1)

c E1 ⊂ E′
1 E1 c(E1) = 2

−1Ψ(− log a1)−1 .

E1 (3.4.4)n=1 .

2 . n � 2 , a0, a1, · · · , an−1 E0, E1, · · · , En−1 0 < aj � bj (j = 0, 1, · · · , n − 1), 0 < aj < ρaj−1

(j = 1, · · · , n − 1), (3.4.3)j (j = 1, · · · , n − 1), Ej ⊂ {δaj � |z| � aj} (j = 0, 1, · · · , n − 1),
(3.4.4)j (j = 1, · · · , n − 1) . an 0 < an < bn, 0 < an < ρan−1 ,

(3.4.3)n=n , En ⊂ {δan � |z| � an} (3.4.4)n=n , E

(an)
∞
n=0 (En)

∞
n=0 (3.4.3) (3.4.4) . 1

, .

Rn−1 :=
{√
ρδan−1 < |z|

}\( n−1⋃
k=0

Ek

)

C(
√
ρδan−1) Rn−1 ∞ Bn−1 , {an < |z|}\

( ∪n−1
k=0 Ek

) ∞
mn , (2.2.16)

lim inf
an↘0

mn(C(an)) ·(− log an) � Bn−1 log

√
δ

ρ

.

Ψ(− log an)mn(C(an)) = Ψ(− log an)
− log an

(
mn(C(an)) ·(− log an)

)
an ↘ 0

lim inf
an↘0

Ψ(− log an)mn(C(an)) � d(Ψ)Bn−1 log

√
δ

ρ
= +∞

an ∈ (0, bn∧(ρan−1)) Ψ(− log an)mn(C(an)) � n, , 0 < an � bn, 0 < an < ρan−1,

(3.4.3)n=n an . En . E′
n ⊂ {δan � |z| � an} .

c(E′
n) � 2−nΨ(− log(δan))−1 , En = E

′
n . 2−nΨ(− log(δan))−1 < c(E′

n) , c

En ⊂ E′
n En c(En) = 2

−nΨ(log(δan))−1 . En

(3.3.4)n=n .

3 . (3.4.3) (3.4.4) 2 E ,

. E (Ψ.2) : sup
n∈N

Ψ(− log an)mn(C(an)) < +∞ (3.4.3) :

Ψ(− log an)mn(C(an)) � n (n ∈ N) E . Ĉ\E ∞ m , (3.3.7) :

m(En) � c(En) (n ∈ N) (3.3.4) : c(En) � 2−nΨ(− log(δan))−1

(3.3.1) : 0 < m(En) � 2−nΨ(− log(δan))−1 (n ∈ N)

, (Ψ.1) :

∫
E

Ψ(log+ |1/z|)dm(z) < +∞ (§3.3 ). , E (Ψ.1)

, (Ψ.2) . �

, d(Ψ) < +∞ (Ψ.2) E .

( 3.1.4) , E′ ∈ Γ , (Ψ.1) & (Ψ.2) ⇐⇒ 1/z ∈ HΨ(Ĉ\E′), ,

E (Ψ.2) , 1/z �∈ HΨ(Ĉ\E) . , d(Ψ) = ∞ , E′ ∈ Γ
, “(Ψ.1) 1/z ∈ HΨ(Ĉ\E′)” , .

1 . (Ψ.2) . , (Ψ.2) E

.
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, z = 0 Γ . Ψ ,

(Ψ.2) E ∈ Γ Γ′ , (Ψ.2) E ∈ Γ Γ′′

Γ = Γ′ ⊕ Γ′′

.∗ ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d(Ψ) <∞ =⇒
{
Γ′ = Γ
Γ′′ = ∅

d(Ψ) =∞ =⇒
{
Γ′ = ?
Γ′′ �= ∅

(3.4.6)

. , d(Ψ) =∞ Γ′ = Γ\Γ′′ ∅ , Γ′ �= ∅
. , (an)

∞
n=0

, , (an)
∞
n=0 ,

, Γ′ = ∅ . , .

4.

Φ Hardy-Orlicz HΦ(R) E . , E

Ĉ\E HΦ(Ĉ\E) E ,

. HΦ(Ĉ\E) , HΦ(Ĉ\E) = C , Ĉ0 := Ĉ\{0}
1/z 1/z ∈ HΦ(Ĉ\E) , . ,

Riemann . 3 , , ,

, Φ , E ,

.

4.1. .

z = 0 E := {0} ∪ (∪∞
n=0En) ( 1.2 ) ,

. E ,

. , b0 = 1 (bn)
∞
n=0 ,

2 0 < ρ < δ < 1, , (an)
∞
n=0 , , (an)

∞
n=0

0 < an � bn (n = 0, 1, · · · ), 0 < an+1 < ρan (n = 0, 1, · · · ). , (nonpolar)

En ⊂ {δan � |z| � an} (n = 0, 1, · · · ) (En)
∞
n=0 {0} ,

E := {0} ∪ (∪∞
n=0En) . E

Γ(4.1.1)

. Γ C circular ( ) . E ∈ Γ
Ĉ\E m {an < |z| � +∞}\E mn (n ∈ N) , m E

(mn)n∈N E .

Φ .
Φ(t)

t
(0,+∞) ,

d(Φ) := lim
t↗∞

Φ(t)

t
∈ (0,+∞](4.1.2)

. , 0 < d(Φ) <∞ , d(Φ) = +∞ . d(Φ) = +∞ , Φ de la

Vallée-Poussin , Φ . 0 < d(Φ) <∞ , Φ .

HΦ(R) = AB∗(R) (d(Φ) <∞)(4.1.3)

∗ X , Y ⊂ X Z ⊂ X , X = Y ∪ Z Y ∩ Z = ∅ , X = Y ⊕ Z .
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. , AB∗(R) R Nevanlinna , R . AB∗(R)
C (algebra) ([15] ).

Φ , E ∈ Γ . E (bn)
∞
n=0 b0 = 1 0 < bn < 1/n

(n ∈ N) . 0 < ρ < δ < 1 . (an)
∞
n=0 , , 0 < an � bn (n = 0, 1, · · · )

0 < an+1 � ρan (n = 0, 1, · · · ) . (En)
∞
n=0 , 0 < d < 1

, NΦ En ⊂ {δan � |z| � an} (n = 0, 1, · · · )

d � Φ(− log(nan))m(En) � 1 (n ∈ N)(4.1.4)

, E = {0} ∪ (∪∞
n=0En) . m E .

E ∈ Γ Γ

ΓΦ(4.1.5)

. , Γ ⊃ ΓΦ. ΓΦ d(Φ) = +∞, , Φ .

ΓΦ d(Φ) =∞ .

2 Hardy-Orlicz HΦ(Ĉ\E) HΨ(Ĉ\E) , E ∈ Γ Φ Ψ

. . Φ Ψ .

(3.3.9) :
Ψ(t)

Φ(t− s) = o(1) (t↗∞)

s > 0 , Φ Ψ 〈Φ,Ψ〉 .∗ ,

Φ , Ψ 3.1 .

d(Ψ) <∞ , Φ Ψ 〈Φ,Ψ〉 . 〈Φ,Ψ〉 0 < δ < 1

, (bn)
∞
n=0 , b0 = 1, 0 < bn < 1/n (n ∈ N),

(3.3.10) : 0 < Ψ
(
log
t

δ

)
� 1

2n
Φ
(
log
t

n

) ( 1
bn
< t

)
3 , (bn)

∞
n=0 0 < δ < 1 〈Φ,Ψ〉 .

.

〈Φ,Ψ〉 , E ∈ Γ . 0 < ρ < δ < 1

2 E , E (bn)
∞
n=0 , 〈Φ,Ψ〉 δ 〈Φ,Ψ〉 . E

(an)
∞
n=0 , 0 < an < bn (n = 0, 1, · · · ) 0 < an+1 < ρan (n = 0, 1, · · · ) . E

(En)
∞
n=0 0 < d < 1 , NΦ En ⊂ {δan � |a| � an} (n = 0, 1 · · · )

(4.1.4) : d � Φ(− log(nan))m(En) � 1 (n ∈ N)

, E = {0} ∪ (∪∞
n=0En) . m E .

E ∈ Γ Γ

Γ〈Φ,Ψ〉(4.1.6)

. Γ ⊃ ΓΦ ⊃ Γ〈Φ,Ψ〉 .

( 3.1.4) Γ〈Φ,Ψ〉 . 2 (Ψ.1)

( , (3.3.10) (4.1.4) ) (Ψ.2) . ,

(Ψ.2) : sup
n∈{0}∪N

Ψ(− log an)mn(C(an)) < +∞

. . E ∈ Γ , Ψ

, (Ψ.2) ( , ) , E Ψ (Ψ.2) ( , (Ψ.2) ) , (Ψ.2)

∗ Φ, Ψ Δ2 , Ψ(t)/Φ(t) = o(1) (t ↗ ∞) .
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E ∈ Γ Γ′, (Ψ.2) E ∈ Γ Γ′′ , ⊕ 2 ( )

Γ = Γ′ ⊕ Γ′′ (Ψ )

Γ . Γ〈Φ,Ψ〉 . E ∈ Γ〈Φ,Ψ〉 (Ψ.2) E Γ′
〈Φ,Ψ〉 ,

E ∈ Γ〈Φ,Ψ〉 (Ψ.2) E Γ′′
〈Φ,Ψ〉

Γ〈Φ,Ψ〉 = Γ′
〈Φ,Ψ〉 ⊕ Γ′′

〈Φ,Ψ〉(4.1.7)

.

Γ ⊃ ΓΦ ⊃ Γ〈Φ,Ψ〉 = Γ′
〈Φ,Ψ〉 ⊕ Γ′′

〈Φ,Ψ〉(4.1.8)

. ΓΦ, Γ〈Φ,Ψ〉, Γ′
〈Φ,Ψ〉, Γ

′′
〈Φ,Ψ〉 ( , ) 1 .

4.2. .

, Γ ⊃ ΓΦ ⊃ Γ〈Φ,Ψ〉 , Γ , ΓΦ Γ〈Φ,Ψ〉 , Γ′
〈Φ,Ψ〉 Γ′′

〈Φ,Ψ〉
. 2 . NΦ

, , E ∈ Γ m E (mn)n∈N

, E (μn)n∈N .

NΦ . K ⊂ Ĉ Φ , K ⊂ V Ĉ

V HΦ(V \K) = HΦ(V ) , K HΦ HΦ , NΦ

. K ∈ NΦ .

4.2.1 (NΦ ). Φ ( , d(Φ) = ∞) , 0 < a < ∞
. F ⊂ {a < |z|} (nonpolar) {a < |z|}\F . , 2

ε > 0 0 < δ < 1 , E ∈ NΦ

(a) E ⊂ {δa � |z| � a};
(b) 0 < μC(a)(C(a)) − μE(E) < ε,

, μC(a) μE {a < |z|}\F (Ĉ\E)\F ∞ , C(a) = {|z| = a}
.

. [4] ([6] ) . [6, p.342] Φ Δ2

. Φ , Δ2 Ξ(t)/Φ(t) = o(1) (t ↗ ∞)
Ξ ( [6, p.331] ). [6, p.342] (a), (b) E ∈ NΞ ,

Ξ(t)/Φ(t) = o(1) (t → ∞) NΞ ⊂ NΦ E ∈ NΞ ⊂ NΦ E ∈ NΦ , Φ Δ2

.

(b) .{
μC(a)(C(a)) + μC(a)(F ) = 1,

μE(E) + μE(F ) = 1

, μC(a)(C(a)) > μE(E) μC(a)(F ) < μE(F ) .

0 < μE(F )− μC(a)(F ) < ε

, , F Fj (j = 1, · · · , n) F = ∪nj=1Fj , μC(a)(Fj) < μE(Fj)

(j = 1, · · · , n)

0 <
n∑
j=1

(
μE(Fj)− μC(a)(Fj)

)
< ε ( , 0 < μE(Fj)− μC(a)(Fj) < ε (j = 1, · · · , n))
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. �

2 . E ∈ Γ E = {0} ∪ (∪∞
n=0En) . Ĉ\E

∞ m E , {an < |z|}\(∪n−1
j=0 Ej) ∞ mn (mn)

∞
n=1

E . , Ĉ\(∪nj=0Ej) ∞ μn , (μn)
∞
n=1

E . 2.1.1 .

4.2.2. Ej (μj+n)
∞
n=0 , ,

μj+n � μj+n+1 (n = 0, 1, · · · )(4.2.3)

, m ,

μj+n � m (n = 0, 1, · · · )(4.2.4)

, m ,

lim
n↗∞

μj+n = m.(4.2.5)

, 2.1.1 , . Ej (j = 0, 1, · · · )
n ∈ N

mj+n � mj+n+1 � m � μj+n+1 � μj+n

, Ej

mj+n ↗ m, μj+n ↘ m (n↗∞)

.

, E ∈ Γ , E .

4.2.6. Φ Ξ . E ∈ Γ . E

(bn)
∞
n=0 b0 = 1 bn < 1/n (n ∈ N) . 0 < ρ < δ < 1

. (an)
∞
n=0 E (En)

∞
n=0

0 < an < bn (n = 0, 1, 2, · · · ),(4.2.7)

an+1 � ρan (n = 0, 1, 2, · · · ),(4.2.8)

n = 0, 1, · · · En ⊂ Ĉ NΦ

En ⊂ {δan � |z| � an} (n = 0, 1, 2, · · · )(4.2.9)

, 0 < d < 1

d � Φ(− log(nan))m(En) � 1 (n = 1, 2, · · · )(4.2.10)

,

Ξ(− log an)mn(C(an)) � n (n = 1, 2, · · · )(4.2.11)

. Γ

E :=
(

∪∞
n=0 En

)
∪ {0}

. m mn ∞ Ĉ\E {an < |z|}\E .
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. (an)
∞
n=0 E (En)

∞
n=0 , a0 , E0

. a1 E1 . a2 E2 .

(an)
∞
n=0 (En)

∞
n=0 .

. (4.2.10) 0 < d < 1

1 > d0 > d1 > · · · > dn−1 > dn · · · ↘ d

. 2

Ĉ\ ∪n−1
j=0 Ej {an < |z|}\

( ∪n−1
j=0 Ej

)
∞ μn−1 mn . an ,

, an > 0 an

, n ∈ N an

Φ(− log(nan)) > 0 (n ∈ N)

,

αn := 1/Φ(− log(nan)) (n ∈ N)

(αn)n∈N .

, (an)n∈N (En)n∈N . a0 0 < a0 � b0 = 1 Φ(− log a0) > 0
( a0 ). ( 4.2.1) ( , ,

) E0 ∈ NΦ

E0 ⊂ {δa0 � |z| � a0}

. a0 E0 , , n ∈ N

(cn)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 < aj < bj , Φ(− log(jaj)) > 0 (1 � j � n)
aj+1 � ρaj (0 � j � n− 1)

dnαj � μn(Ej) � αj (1 � j � n)
Ξ(− log aj)mj(C(aj)) � j (1 � j � n)

( αj := 1/Φ(− log(jaj)) (1 � j � n)) (an)n∈N (En)n∈N .

, En ⊂ {δan � |z| � an} En ∈ NΦ . ( , , En NΦ

, En (n = 0, 1, 2, · · · ) . ) n ∈ N .

1 n ∈ N n � 2 . a0 E0 ,

a1 > a2 > · · · > an−1 > 0 NΦ E1, E2, · · · , En−1 Ej ⊂ {δaj � |z| � aj} (1 � j � n− 1)

(cn−1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 < aj < bj , Φ(− log(jaj)) > 0 (1 � j � n− 1)
aj+1 � ρaj (0 � j � n− 2)

dn−1αj � μn−1(Ej) � αj (1 � j � n− 1)
Ξ(− log aj)mj(C(aj)) � j (1 � j � n− 1)

αj := 1/Φ(− log(jaj)), , an ∈ (0, bn ∧ (ρan−1)) an NΦ

En ⊂ {δan � |z| � an} , a1, · · · , an E1, · · · , En (cn) .

, an > 0 , En . an > 0

, an > 0 , ,

, an > 0

. , an > 0 4
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(i) 0 < an < bn, an � ρan−1, Φ(− log(nan)) > 0;
(ii) dnαj � mn(Ej) � αj (1 � j � n− 1);
(iii) mn(C(an)) > 1/Φ(− log(nan)) = αn;
(iv) Ξ(− log an)mn(C(an)) � n.

4 (i) , (iii) (iv) , (ii) .

(i) . η1 > 0 (0, bn ∧ (ρan−1)) (0, η1)

an ∈ (0, η1) (i) . , (i) 2 . Φ(t) ↗ ∞ (t ↗∞)
− log(nan)↗∞ (an ↘ 0) (i) 3 .

(iii) . (iii) (iv) 2.2.15 , , {
√
ρδan−1 <

|z|}\ ∪n−1
j=0 Ej C(

√
ρδan−1) ∞ Bn−1 an ∈ (0, bn ∧ (ρan−1))

(2.2.16): lim inf
an↘0

mn(C(an)) ·(− log an) � Bn−1 log

√
δ

ρ

.

mn(C(an))Φ(− log(nan)) = (mn(C(an))(− log an)) ·Φ(− log(nan))− log an
= (mn(C(an))(− log an)) ·Φ(− log(nan))− log(nan) ·

(
1 +

− log n
− log an

)

, an ↘ 0 − log an ↗∞ − log(nan)↗∞ , Φ Φ(− log(nan))/(− log(nan))↗∞
, (2.2.16) ,

lim inf
an↘0

mn(C(an))Φ(− log(nan)) �
(
Bn−1 log

√
δ

ρ

)
·∞·(1 + 0) =∞

. η3 > 0 , an ∈ (0, η3) ⊂ (0, bn∧(ρan−1)) mn(C(an))Φ(− log(nan)) � 1
. , (i)

mn(C(an)) � 1/Φ(− log(nan)) = αn,

, (iii) .

(iv) (iii) , , .

Ξ(− log an)mn(C(an)) = Ξ(− log an)
− log an ·(mn(C(an))(− log an))

, an ↘ 0 , − log an ↗∞ , Ξ Ξ(− log an)/(− log an)↗∞
, (2.2.16)

lim inf
an↘∞

Ξ(− log an)mn(C(an)) �∞·Bn−1 log

√
δ

ρ
=∞

. η4 > 0 , an ∈ (0, η4) ⊂ (0, bn ∧ (ρan−1)) Ξ(− log an)mn(C(an)) � n
, (iv) .

(ii) . Ej (1 � j � n− 1)

mn(Ej) � μn−1(Ej), lim
an↘0

mn(Ej) = μn−1(Ej)

. (2.1 , 4.2.2

), , u {an < |z|}\ ∪n−1
k=1 Ek u|Ej = 1, u|C(an) ∪ (∪1�k�n−1,k �=jEk) = 0 Dirichlet , v

Ĉ\ ∪n−1
k=1 Ek v|Ej = 1, v| ∪1�k�n−1,k �=j Ek = 0 Dirichlet

u(∞) = mn(Ej), v(∞) = μn−1(Ej)
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. {|z| � an} u ≡ 0 u Ω := Ĉ\ ∪n−1
k=1 Ek , u Ω , Ω\{|z| � an}

, Ω an ↘ 0 , Ω 0 � u � v � 1 . u(∞) � v(∞)

mn(Ej) � μn−1(Ej) (j = 1, · · · , n− 1)

. Harnack Ω\{0}

w := lim
an↘0

u

0 � w � v � 1 . Riemann z = 0 w

, w Ω . v−w Ω = Ĉ\ ∪n−1
k=1 Ek (v−w)| ∪n−1

k=1 Ek = 0 Dirichlet ,

Ω v − w = 0 lim
an↘0

u = v lim
an↘0

u(∞) = v(∞),

lim
an↘0

mn(Ej) = μn−1(Ej) (j = 1, · · · , n− 1)

.

lim
an↘0

n−1∑
j=1

(μn−1(Ej)−mn(Ej)) = 0

. 0 < η2 < bn ∧ (ρan−1) an ∈ (0, η2)
n−1∑
j=1

(μn−1(Ej)−mn(Ej)) < ε := (dn−1 − dn)min{α1, · · · , αn−1}

. (cn−1) 3 dn−1αj � μn−1(Ej) � αj (1 � j � n−1) ε ε � (dn−1−dn)αj
(1 � j � n− 1) , j = 1, · · · , n− 1

dnαj = dn−1αj − (dn−1 − dn)αj � dn−1αj − ε � μn−1(Ej)− ε � mn(Ej) � μn−1(Ej) � αj

an ∈ (0, η2) . an ∈ (0, η2)

dnαj � mn(Ej) � αj (j = 1, · · · , n− 1)

, , (ii) .

4 (i)–(iv) an ∈ (0, η) (η = min{η1, η2, η3, η4}) , an > 0

, 0 < an < bn ∧ (ρan−1) . En .

NΦ En ⊂ {δan � |z| � an} (cn) 3 dnαj � μn(Ej) � αj (j = 1, · · · , n)
. (c1) 3 E1

, . (iii),

mn(C(an)) > αn

. Φ NΦ ( 4.2.1) ε > 0 NΦ

K ⊂ {δan � |z| � an} K

0 < mn(C(an))− μK(K) < ε

, , μK (Ĉ\K)\ ∪n−1
j=0 Ej ∞ . ε > 0

ε = mn(C(an)) − αn > 0 , mn(C(an)) − μK(K) < mn(C(an)) − αn
,

αn < μK(K)(4.2.12)
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. F ⊂ {|z| � an} Ĉ\F , μF (Ĉ\F )\ ∪n−1
j=0 Ej ∞

F �−→ c(F ) := μF (F )

c(F ) , 3.3 (an,∪n−1
j=0Ej) F .

μK(K) = c(K) (4.2.12)

[dnαn, αn] ⊂ [0, c(K)](4.2.13)

. α ∈ [dnαn, αn] α ∈ [0, c(K)] , (3.3 )

c(En) = α > 0

K En . c(En) > 0 En En ⊂ K ∈ NΦ En NΦ

En ⊂ K ⊂ {δan � |z| � an} , c(En) = μEn(En) = μn(En)

dnαn � μn(En) � αn(4.2.14)

, NΦ En ⊂ {δan � |z| � an} (cn) 3 dnαj � μn(Ej) � αj (j = 1, · · · , n)
j = n . j = 1, · · · , n− 1 .

2.1.1 4.2.2

mn(Ej) � m(Ej) � μn(Ej) � μn−1(Ej) (j = 1, · · · , n− 1)(4.2.15)

. (ii) dnαj � mn(Ej) (j = 1, · · · , n − 1) (cn−1) 3 μn−1(Ej) � αj (j =
1, · · · , n− 1), (4.2.15)

dnαj � mn(Ej) � μn(Ej) � μn−1(Ej) � αj (j = 1, · · · , n− 1)

, dnαj � μn(Ej) � αj (j = 1, · · · , n− 1) . (4.2.14) (cn) 3 . (cn−1)&(i)

(cn) 1&2 , (cn−1)&(iv) (cn) 4 . a0, a1 · · · , an E0, E1, · · · , En (cn)

.

(aj)
∞
j=0 NΦ (Ej)

∞
j=0, Ej ⊂ {δaj � |z| � aj} (j = 0, 1, · · · ), n ∈ N , (aj)

n
j=0

(Ej)
n
j=0 (cn) , (cn−1) (aj)

n−1
j=0 (Ej)

n−1
j=0 (cn)

(aj)
n
j=0 (Ej)

n
j=0 (n ∈ N, n � 2), , (aj)

1
j=0 (Ej)

1
j=0 (c1)

, , a1 > 0 NΦ E1 ⊂ {δa1 � |z| � a1}

(c1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 < a1 < b1, Φ(− log(a1)) > 0
a1 � ρa0

d1α1 � μ1(E1) � α1
Ξ(− log a1)m1(C(a1)) � 1

. , (cn−1)
{
(aj)

n−1
j=0 , (Ej)

n−1
j=0

}
(cn)

{
(aj)

n
j=0, (Ej)

n
j=0

}
, , {a0, E0} (c1)

{
(aj)

1
j=0, (Ej)

1
j=0

}
{a0, E0} =

{
(aj)

0
j=0, (Ej)

0
j=0

}
(cn) ( (c0) )

, , (c1) a1 E1 .

(c1) 1 2 , 0 < σ1,2 < b1 ∧ (ρa0) , a1 ∈ (0, σ1,2)
.

(c1) 4 . (iii), (iv) 2.2.15

(2.2.16) : lim inf
a1↘0

m1(C(a1))(− log a1) � B0 log

√
δ

ρ
> 0
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. B0 {
√
ρδa0 < |z|}\E0 C(

√
ρδa0) ∞ , a1

.

Ξ(− log a1)m1(C(a1)) = (m1(C(a1))(− log a1)) · Ξ(− log a1)− log a1
a1 ↘ 0 , Ξ , (2.2.16)

lim inf
a1↘0

Ξ(− log a1)m1(C(a1)) �
(
B0 log

√
δ

ρ

)
·∞ =∞

0 < σ4 < b1 ∧ (ρa0) , a1 ∈ (0, σ4)

Ξ(− log a1)m1(C(a1)) � 1

. (c1) 4 .

(c1) 3 , NΦ E1 ⊂ {δa1 � |z| � a1} ,

a1 , (c1) . ,

m1(C(a1))Φ(− log a1) = (m1(C(a1))(− log a1)) ·Φ(− log a1)− log a1
a1 ↘ 0 , Φ (2.2.16)

lim inf
a1↘0

m1(C(a1))Φ(− log a1) �
(
B0 log

√
δ

ρ

)
·∞ =∞

, 0 < σ3 < b1 ∧ (ρa0) , a1 ∈ (0, σ3)

m1(C(a1))Φ(− log a1) > 1

, a1 ∈ (0, σ), σ = min{σ1,2, σ3, σ4},

m1(C(a1)) > α1 (α1 = 1/Φ(− log a1))(4.2.16)

. a1 a1 ∈ (0, σ) a1 a1 . 4.2.1 , NΦ

K ⊂ {δa1 � |z| � a1} , ε > 0

0 < m1(C(a1))− μK(K) < ε

K . , μK (Ĉ\K)\E0 ∞ . ε , ε = m1(C(a1))−α1 > 0
((4.2.16) )

α1 < μK(K)(4.2.17)

. F ⊂ {|z| � a1} Ĉ\F , μF (Ĉ\F )\E0 ∞

F �−→ c(F ) := μF (F )

c(F ) , 3.3 (a1, E0) F .

μK(K) = c(K) (4.2.17)

[d1α1, α1] ⊂ [0, c(K)](4.2.18)

. α ∈ [d1α1, α1] α ∈ [0, c(K)] (3.3 )

c(E1) = α > 0
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K E1 . c(E1) > 0 E1 , E1 ⊂ K ∈ NΦ E1 NΦ

E1 ⊂ K ⊂ {δa1 � |z| � a1} , (c1) 3 . (aj)
∞
j=0 (Ej)

∞
j=0 .

E ∈ Γ

E =

( ∞⋃
j=0

Ej

)
∪ {0}

. , 4.2.6 (4.2.10) : d � Φ(− log(nan))m(En) � 1 (n = 1, 2, · · · )
, . (4.2.10) , 2.1.1 4.2.2 :

Ej (j = 0, 1, 2, · · · ) ⎧⎪⎨
⎪⎩
mn(Ej)↗ m(Ej)

(n↗∞)
μn(Ej)↘ m(Ej)

. (cn) 3 : dnαj � μn(Ej) � αj , αj = 1/Φ(− log(jaj)) (j � n ∈ N), , ,

dn � Φ(− log(jaj))μn(Ej) � 1 (j � n ∈ N)

. n↗∞ , dn ↘ d μn(Ej)↘ m(Ej) ,

d � Φ(− log(jaj))m(Ej) � 1 (j ∈ N)

, (4.2.10) . �

4.3. .

4.2 4.2.6 , 4.2 Γ , .

2 Φ Ψ , Φ Ψ .

. Ξ . ,

.

Φ Ψ 〈Φ,Ψ〉 , (bn)
∞
n=0 δ > 0 〈Φ,Ψ〉

( 1 ). Ξ . 4.2.6 (bn)
∞
n=0 δ > 0 〈Φ,Ψ〉

(δ 0 < ρ < δ < 1 δ ). b0 = 1, bn � 1/n

. 4.2.6 E ∈ Γ Γ〈Φ,Ψ〉 . (4.2.11) :

Ξ(− log an)mn(C(an)) � n (n ∈ N) Γ〈Φ,Ψ〉 , , E ∈ Γ〈Φ,Ψ〉
.

4.3.1. Φ Ψ 〈Φ,Ψ〉

Γ〈Φ,Ψ〉 �= ∅.(4.3.2)

Γ ⊃ ΓΦ ⊃ Γ〈Φ,Ψ〉 , (4.3.2) :

4.3.3. Φ

ΓΦ �= ∅.(4.3.4)

Ψ , E ∈ Γ (Ψ.2) : supn∈NΨ(− log an)mn(C(an)) <∞ ( , ) , E

(Ψ.2) ( , (Ψ.2) ) . (Ψ, 2) ( , (Ψ.2) ) E ∈ Γ〈Φ,Ψ〉 Γ′
〈Φ,Ψ〉 (

,Γ′′
〈Φ,Ψ〉) , Γ〈Φ,Ψ〉 = Γ′

〈Φ,Ψ〉 ∪ Γ′′
〈Φ,Ψ〉, Γ

′
〈Φ,Ψ〉 ∩ Γ′′

〈Φ,Ψ〉 = ∅ Γ〈Φ,Ψ〉 Γ′
〈Φ,Ψ〉 Γ′′

〈Φ,Ψ〉

Γ〈Φ,Ψ〉 = Γ′
〈Φ,Ψ〉 ⊕ Γ′′

〈Φ,Ψ〉(4.3.5)
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. Γ′
〈Φ,Ψ〉 Γ′′

〈Φ,Ψ〉 , d(Ψ) ( , ) , , Ψ

( ) , , ,

.

Ψ ( , d(Ψ) < ∞) . 3.4.1 , E ∈ Γ (Ψ.2) , ,

E ∈ Γ (Ψ.2) , , E ∈ Γ〈Φ,Ψ〉 (Ψ.2)

Γ′
〈Φ,Ψ〉 = Γ〈Φ,Ψ〉 �= ∅ (d(Ψ) <∞),(4.3.6)

(4.3.5)

Γ′′
〈Φ,Ψ〉 = ∅ (d(Ψ) <∞)(4.3.7)

. :

4.3.8. Ψ ( , d(Ψ) < ∞) {
Γ′
〈Φ,Ψ〉 = Γ〈Φ,Ψ〉 �= ∅,

Γ′′
〈Φ,Ψ〉 = ∅.(4.3.9)

Ψ ( , d(Ψ) = ∞) . Φ Ψ 〈Φ,Ψ〉 , Φ Ψ

. 4.2.6 〈Φ,Ψ〉 (bn)
∞
n=0 , Ξ Ξ = Ψ ,

4.2.6 E ∈ Γ , , E ∈ Γ〈Φ,Ψ〉 , (4.2.11) :

Ξ(− log an)mn(C(an)) � n (n ∈ N) Ξ = Ψ , E

Ψ(− log an)mn(C(an)) � n (n ∈ N)

.

sup
n∈N

Ψ(− log an)mn(C(an)) =∞

, E (Ψ.2) E (Ψ.2) , E E ∈ Γ′′
〈Φ,Ψ〉 , Γ′′

〈Φ,Ψ〉 �= ∅
.

4.3.10. Ψ ( , d(Ψ) = ∞) {
Γ′
〈Φ,Ψ〉 =?,

Γ′′
〈Φ,Ψ〉 �= ∅.(4.3.11)

Γ′
〈Φ,Ψ〉 =? , Γ′

〈Φ,Ψ〉 = ∅ Γ′
〈Φ,Ψ〉 �= ∅

. , :

4.3.12. ( ) Γ′
〈Φ,Ψ〉 �= ∅ (d(Ψ) = ∞) ?

5. Hardy-Orlicz

5 , 0 E ∈ Γ〈Φ,Ψ〉 Ĉ \ E ⊂ Ĉ Φ Ψ

Hardy-Orlicz HΦ(Ĉ \E) HΨ(Ĉ \E) . ,

: HΦ(Ĉ \E) = C , , , A(Ĉ \ {0})
1/z HΨ(Ĉ \ E) : 1/z ∈ HΨ(Ĉ \ E) .

5.1 HΦ(Ĉ \E) = C (E ∈ ΓΦ) . , Γ〈Φ,Ψ〉 ⊂ ΓΦ HΦ(Ĉ \E) (E ∈ Γ〈Φ,Ψ〉)
: HΦ(Ĉ \ E) = C (E ∈ Γ〈Φ,Ψ〉).

1/z HΨ(Ĉ \E) (E ∈ Γ〈Φ,Ψ〉) , Ψ de la Vallée-Poussin : d(Ψ) := lim
t→∞Ψ(t)/t =∞
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. 5.2 , Ψ ( , d(Ψ) <∞) 1/z ∈ HΨ(Ĉ \E) (E ∈ Γ〈Φ,Ψ〉)
.

5.3 , Ψ ( , d(Ψ) = ∞) , 1/z �∈ HΨ(Ĉ \ E) E ∈ Γ〈Φ,Ψ〉
. , Hasumi [4]( 6 ) , de la Vallée-Poussin

“1/z ∈ HΨ(Ĉ\E) (E ∈ Γ〈Φ,Ψ〉)” . 1/z ∈ HΨ(Ĉ\E) E ∈ Γ〈Φ,Ψ〉
, , . 1/z �∈ HΨ(Ĉ\E)
E ∈ Γ〈Φ,Ψ〉 , E (an)

∞
n=0 ,

. E ∈ Γ E ∈ Γ〈Φ,Ψ〉 .

, 1/z ∈ HΨ(Ĉ \E) E ∈ Γ〈Φ,Ψ〉 (an)
∞
n=0 , E ∈ Γ〈Φ,Ψ〉

(an)
∞
n=0 1/z ∈ HΨ(Ĉ \E) E ∈ Γ〈Φ,Ψ〉 ,

, , .

5.1. .

Φ . Φ Hary-Orlicz W ⊂ Ĉ , HΦ(W )

, HΦ(W ) = C W OΦ . E ∈ Γ Ĉ \ E ∈ OΦ

E ∈ Γ Γ , .

, Φ , Hasumi

(5.1.1) Ĉ \ E ∈ OΦ (E ∈ ΓΦ)

5.1.10 . ΓΦ Γ ∗,
6 , ΓΦ , . 5.1 ,

, (5.1.1) 5.1.10 , .

W ⊂ Ĉ Jordan γ ∂W . ζ ∈ W W ω

, dω γ ds , Radon-Nikodym dω/ds ds/dω γ

, (dω/ds) · (ds/dω) = 1 . , W ζ Green g(z, ζ) , Poisson

dω(z) =
∂

∂νz
g(z, ζ)ds (z ∈ γ)

, ∂/∂νz γ W . , W ,

R(a, b) := {a < |z| < b} (0 < a < b <∞),

, ,

R(a, b;K) := {a < |z|} \K (0 < a < b <∞),
, K ⊂ {b � |z|} Ĉ \K , , Radon-Nikodym

.

R(a, b) C(a) := {|z| = a} C(b) := {|z| = b} R(a, b) C(
√
ab) ,

. , R(a, b) C(
√
ab) R(a, b) Harnack k = kR(a,b)

(5.1.2) k := sup
u∈h(R(a,b))+\{0}

maxz∈C(√ab) u(z)

minz∈C(√ab) u(z)

, , h(W ) W , h(W )+ h(W ) .

, k R(a, b) Harnack . Harnack , k ∈ (1,∞) , , k

, , R(a, b) � R(a′, b′) ( ) kR(a,b) = kR(a′,b′) .

R(a, b) 2 0 < a < b <∞ , 1 1 < t <∞

R(t) :=

{
1√
t
< |z| < √t

}
(1 < t <∞)

∗ 2
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. R(t) C
(√

(1/
√
t) · √t

)
, , t C(1) . R(t) t 1

∞ “{1− 0 < |z| < 1 + 0}” “{+0 < |z| <∞}” ,

R(1/
√
t, 1) ∪ C(1) ∪R(1,√t)

. R(t) Harnack A1 = A1(t)(1 < t <∞) (5.1.2)

(5.1.3) A1(t) = sup
u∈h(R(t))+\{0}

maxz∈C(1) u(z)
minz∈C(1) u(z)

. t ∈ (1,∞) R(t) , h(R(t))+

, A1(t) (1,∞) . ,

(5.1.4)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
A1(t) (1,∞) 1 < A1(t) <∞;
lim
t↓1
A1(t) =∞;

lim
t↑∞
A1(t) = 1

. , 1 < A1(t) <∞ (1 < t <∞) , A1(t) t

.

z �→ ϕ(t) := z/
√
ab 2 R(a, b) (0 < a < b <∞) 1 R(t) (t = b/a)

:

(5.1.5) R(a, b) � R(t) (0 < a < b <∞, t = b/a).

R(a, b) 1 , t = b/a R(a, b) ( , log t = log(b/a) R(a, b)

modulus) . , R(a, b) C(
√
ab) R(a, b) Harnack , R(a, b) Harnack

:

(5.1.6) R(a, b) Harnack kR(a,b) = A1

(
b

a

)
.

A1 , R(a, b) R(a, b;K) .

R(a, b) (0 < a < b < ∞) w ∈ C(
√
ab) ξw , ∂R(a, b) = C(a) ∪ C(b) ds

(5.1.7)
dξw
ds
(z) �

⎧⎪⎪⎨
⎪⎪⎩
A1

(
b

a

)
1

4πa
(z ∈ C(a))

A1

(
b

a

)
1

4πb
(z ∈ C(b))

.∗

R(a, b;K) := {a < |z|} \K (0 < a < b <∞, K {b � |z| <∞} Ĉ \K
) ∞ η . A1 A

(5.1.8) A = A

(
b

a

)
:= 2

(
A1

(
b

a

))2

, ∂R(a, b;K) C(a) ds

(5.1.9) max
z∈C(a)

ds

dη
(z) � A

(
b

a

)
min
z∈C(a)

ds

dη
(z) � A

(
b

a

)
2πa

η(C(a))

. {b � |z| <∞} K .

(5.1.1) , , 5.1.10 , (5.1.7) (5.1.9)

∗ (5.1.7) (5.1.9) Hasumi[4, 6] . 1 .

– 59 –

－59－



.

5.1.10. Φ . E ∈ ΓΦ Ĉ \E Φ Hardy-Orlicz

HΦ(Ĉ \ E) :

(5.1.11) HΦ(Ĉ \ E) = C (E ∈ ΓΦ).

.∗ 4.3.3 ΓΦ �= ∅ , E ∈ ΓΦ . , ,

. . , HΦ(Ĉ \ E) (E ∈ ΓΦ) f ∈ HΦ(Ĉ \ E) \ C
. Hardy-Orlicz , , f Ĉ \ E (⊂ Ĉ0 := Ĉ \ {0})

, Ĉ \ E u ∈ h(Ĉ \ E)+

(5.1.12) Φ(log+ |f(z)|) � u(z) (z ∈ Ĉ \ E)

. .

E 0 < ρ < δ < 1 , σ

(5.1.13) σ := (δ/ρ)1/4 ∈ (1,∞)

. n ∈ N , an � ρan−1 , δan � δρan−1, (δ/ρ)an � δan−1, σ4an � δan−1

: an < σ
4an � δan−1.

{an < |z| < σ4an} ⊂ {an < |z| < δan−1} ⊂ Ĉ \ E (n ∈ N)

. , n = 0

(5.1.14) {an < |z| < σ4an} ⊂ Ĉ \ E (n ∈ Z+ := {0} ∪ N)

. Bn := {σ2an+1 < |z| < σ2an} ⊃ En (n ∈ Z+) , Bn \ En ⊂ Ĉ \ E , En ∈ NΦ

f ∈ HΦ(Ĉ \ E) ⊂ HΦ(Bn \ En) = HΦ(Bn) (n ∈ Z+),

, f ∈ HΦ(Bn) ⊂ A(Bn) En ⊂ Bn (n ∈ Z+), E \ {0} , Ĉ \ {0}
:

(5.1.15) f ∈ A(Ĉ \ {0}).

, ∞−j = 0 (j ∈ N) ∞−0 = 1 , f 1/z :

(5.1.16) f(z) =
∞∑
j=0

cjz
−j ((0 < |z| �∞).

R(an, σ
2an) = {an < |z| < σ2an} C(σan) w R(an, σ

2an) ξw

(5.1.7)

(5.1.17)
dξw
ds
(z) �

{
A1/(4πan) (z ∈ C(an)),
A1/(4πσ

2an) (z ∈ C(σ2an)),

, A1 = A1(σ
2an/an) = A1(σ

2) C(σan) R(an, σ
2an) Harnack . (5.1.15) ,

log+ |f(z)|
V (z) := Φ(log+ |f(z)|)

Ĉ \ {0} . R := R(an, σ
2an) C(σan) w

log+ |f(w)| �
∫
∂R

log+ |f(ζ)|dξw(ζ) (w ∈ C(σan))
∗ , Hasumi[4, 6] . , 2 .
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. ξw Φ , Jensen

(5.1.18)

Φ(log+ |f(w)| �
∫
∂R

Φ(log+ |f(ζ)|)dξw(ζ)

�
(∫
C(an)

+

∫
C(σ2an)

)
Φ(log+ |f(ζ)|)dξw(ζ) = I + II

, , I ( II ) C(an) ( C(σ2an) ) .

I .

R1 := R(an, σ
2an;∪n−1

j=0Ej)

. R1 ∞ η1 ( , , η1 E

n mn ). (5.1.9)

(5.1.19) max
z∈C(an)

ds

dη1
(z) � A min

C(an)

ds

dη1
(z) � A 2πan

η1(C(an))
,

, A = A(σ2an/an) = A(σ
2) = 2(A1(σ

2))2 . , Φ(log+ |f |) = V

I =

∫
C(an)

V (ζ) dξw(ζ) =

∫
C(an))

V (ζ)
dξw
ds
(ζ)
ds

dη1
(ζ) dη1(ζ)

. (5.1.17) (5.1.19)

(5.1.20)

I �
∫
C(an)

V (ζ)
A1(σ

2)

4πan
· 2(A1(σ

2))2
2πan

η1(C(an))
dη1(ζ)

=
(A1(σ

2))3

η1(C(an))

∫
C(an)

V (ζ) dη1(ζ)

. u1 ∈ C(∂R1) u1|C(an) = u|C(an) u1|(∂R1 \C(an)) = 0 C(an) V � u1 = u

(5.1.21)

∫
C(an)

V (ζ) dη1(ζ) �
∫
C(an)

u1(ζ) dη1(ζ) = H
R1
u1 (∞) � u(∞)

, (5.1.20) :

(5.1.22) I � (A1(σ
2))3u(∞)

η1(C(an))
.

II . I .

R2 := R(σ
2an, σ

4an;∪n−1
j=0Ej)

. R2 ∞ η2 (5.1.9)

(5.1.23) max
z∈C(σ2an)

ds

dη2
(z) � A min

z∈C(σ2an)
ds

dη2
(z) � A 2πσ2an

η2(C(σ2an))
,

, A = A(σ4an/(σ
2an)) = A(σ

2) = 2(A1(σ
2))2 . Φ(log+ |f(ζ)|) = V (ζ)

II =

∫
C(σ2an)

V (ζ) dξw(ζ) =

∫
C(σ2an)

V (ζ)
dξw
ds
(ζ)
ds

dη2
(ζ) dη2(ζ)

. (5.1.17) (5.1.23)

(5.1.24)

II �
∫
C(σ2an)

V (ζ)
A1(σ

2)

4πσ2an
· 2(A(σ2))2 2πσ2an

η2(C(σ2an))
dη2(ζ)

=
(A1(σ

2))3

η2(C(σ2an))

∫
C(σ2an)

V (ζ) dη2(ζ)
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. u2 ∈ C(∂R2) u2|C(σ2an) = u|C(σ2an) u2|(∂R2 \ C(σ2an)) = 0 C(σ2an) V � u2 = u∫
C(σ2an)

V (ζ) dη2(ζ) �
∫
C(σ2an)

u2(ζ) dη2(ζ) = H
R2
u2 (∞) � u(∞)

, (5.1.24) , :

(5.1.25) II � (A1(σ
2))3u(∞)

η2(C(σ2an))
.

, (5.1.10) (5.1.22) (5.1.25) :

(5.1.26) Φ(log+ |f(w)|) �
(

1

η1(C(an))
+

1

η2(C(σ2an))

)
(A1(σ

2))3u(∞) (w ∈ C(σan)).

R1 ⊃ R2 . ϕj ∈ C(∂Rj) (j = 1, 2) , ϕ1|C(an) = 1, ϕ1|(∂R1 \ C(an)) = 0 ϕ1 ,

ϕ2|C(σ2an) = 1, ϕ2|(∂R2 \ C(σ2an)) = 0 ϕ2

η1(C(an)) = H
R1
ϕ1 (∞), η2(C(σ

2an)) = H
R2
ϕ2 (∞)

. 0 ≤ HRjϕj � 1 (j = 1, 2) , HR1ϕ1 |C(σ2an) � 1 = HR2ϕ2 |C(σ2an) , γ := ∂R1 \ C(an) = ∂R2 \ C(σ2an)
“HR1ϕ1 |γ = HR2ϕ2 |γ = 0”

HR1ϕ1 (z) � H
R2
ϕ2 (z) (z ∈ R2)

, ∞ , η1(C(an)) � η2(C(σ2an)) . (5.1.26)

Φ(log+ |f(w)|) � 2(A1(σ
2))3u(∞)

η1(C(an))
(w ∈ C(σan))

. η1 {an < |z|} \ ∪n−1
j=0Ej ∞ , E (mk)

∞
k=1 n mn

,

(5.1.27) Φ(log+ |f(w)|) � 2(A1(σ
2))3u(∞)

mn(C(an))
(w ∈ C(σan))

. , mn(C(an)) � m(En) . mn(C(an)) m(En) Dirichlet

( 2.1 ).

(4.1.2) : d � Φ(− log(nan))m(En) � 1

. − log(nan) � − log an m(En) � mn(C(an))

d � Φ(− log(nan))m(En) � Φ(− log an)mn(C(an))

1

mn(C(an))
� Φ(− log an)

d

. L := 2(A1(σ
2))3u(∞)/d L , (5.1.27)

Φ(log+ |f(w)|) � 2(A1(σ
2))3u(∞) · 1

mn(C(an))
� 2(A1(σ

2))3u(∞) · Φ(− log an)
d

, : n ∈ N

(5.1.28) Φ(log+ |f(w)|) � LΦ(− log an) (w ∈ C(σan)).

(5.1.28) |f(w)| ( w ∈ C(σan) ) an .

t0 := inf{t ∈ R+ : Φ(t) > 0}
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. Φ(t) 0 � t0 < ∞ , (t0,∞) t Φ(t)/t , t �→ Φ(t)/t :

(t0,∞)→ (0,∞) . , :

(5.1.29)
t1
t2
� 1 + Φ(t1)

Φ(t2)
(t1 � 0, t2 > t0).

. t1 � t2 t1/t2 � 1 Φ(t1)/Φ(t2) , , t2 > t0 , t1/t2 � 1 �
1 +Φ(t1)/Φ(t2) , (5.1.29) . , t2 � t1 , t2 > t0 , , t0 < t2 � t1

, t �→ Φ(t)/t (t0,∞) , Φ(t2)/t2 � Φ(t1)/t1 t1/t2 � Φ(t1)/Φ(t2) � 1 + Φ(t1)/Φ(t2)
, . .

(5.1.28) . − log an ↗∞ (n↗∞)

N0 := inf{n ∈ N : − log an > t0} ∈ N

. n � N0 − log an > t0 Φ(− log an) > 0 , , (5.1.28) (5.1.29), N0

, n � N0

log+ |f(w)|
− log an � 1 + Φ(log+ |f(w)|)

Φ(− log an) � 1 + L (w ∈ C(σan))

. , n � N0 , :

(5.1.30) |f(w)| � a−L−1
n (w ∈ C(σan)).

(5.1.30) , f ∈ A(Ĉ0) (Ĉ0 = Ĉ \ {0}) . (5.1.16) : f(z) =

∞∑
j=0

cjz
−j

(0 < |z| <∞).
cj =

1

2πi

∫
C(σan)

f(z)zj−1dz (j = 0, 1, 2, · · · )

, (5.1.30)

|cj | � 1

2π

∫
|z|=σan

|f(z)| |z|j
∣∣∣∣dzz

∣∣∣∣ � 1

2π

∫
|z|=σan

a−L−1
n (σan)

jd argz = σjaj−L−1
n

. , j = 0, 1, 2, · · ·
|cj | � σjaj−L−1

n

. j > L+ 1 , an ↘ 0 (n↗∞) , cj = 0 (j > L+ 1) .

p := sup{j ∈ {0} ∪ N : cj �= 0}

p ∈ {0} ∪ N , f p = 0 p ∈ N ,

f z−1 p :

(5.1.31) f(z) =

p∑
j=0

cjz
−j , cp �= 0 (p � 1).

f(z) z−1 p (p � 1) , z 0 , , cpz
−p . ,

f(z) = cpz
−p

(
1 +

p−1∑
j=1

cp−j
cp
zj

)
.

|f(z)| |cpz−p|

|f(z)| = |cpz−p| ·
∣∣∣∣∣1 +

p−1∑
j=1

cp−j
cp
zj

∣∣∣∣∣ � |cp| |z|−p
(
1−

p−1∑
j=1

∣∣∣∣cp−jcp
∣∣∣∣ |zj |

)
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, 1−
p−1∑
j=1

∣∣∣∣cp−jcp
∣∣∣∣ |zj | ↗ 1 (z → 0) , 0 < ε0 < 1

1−
p−1∑
j=1

∣∣∣∣cp−jcp
∣∣∣∣ |zj | � 1

2
(|z| < ε0)

ε0 . |f(z)| |cp| |z|−p :

(5.1.32) |f(z)| � 1

2
|cp| |z|−p (|z| < ε0).

, N0 � N1 N1

|an| � ε0, 1

2
|cp| � 1

n
(n � N1)

. N1 . N1 � n ∈ N 2−1|cp| � n−1 an � apn .

2−1|cp|an � n−1apn, 2
−1|cp|a−pn � n−1a−1

n , log(2
−1|cp|a−pn ) � − log(nan),

Φ
(
log

(1
2
|cp|a−pn

))
� Φ(− log(nan)) (n � N1)

. :

(5.1.33)
Φ
(
log

(1
2
|cp|a−pn

))
Φ(− log(nan)) � 1 (n � N1).

. , (5.1.34) (5.1.35)

, , .

, ( 3.2.1) : g ∈ A(Ĉ0) g ∈ HΦ(Ĉ \E) ,

: ⎧⎪⎪⎨
⎪⎪⎩
(3.2.2) :

∫
E

Φ(log+ |g(z)|) dm(z) <∞,

(3.2.3) : sup
n∈N

∫
C(an)

Φ(log+ |g(z)|) dmn(z) <∞.

, , f ∈ HΦ(Ĉ \ E) ,

(5.1.5) : f ∈ A(Ĉ) \ C

, f ∈ HΦ(Ĉ \E) , , f (3.2.2)

(5.1.34)

∫
E

Φ(log+ |f(z)|) dm(z) <∞

( (3.2.3) , ).

(5.1.34) J , V . V (z) � 0 (z ∈ Ĉ0) E ⊃ ∪∞
n=N1En

J =

∫
E

V (z) dm(z) �
∫
∪∞
n=N1

En

V (z) dm(z) =
∞∑
n=N1

∫
En

V (z) dm(z)

. z ∈ En (n � N1) |z| � an (n � N1) N1 |z|(� an) � ε0 , (5.1.32) n � N1

V (z) = Φ(log+ |f(z)|) � Φ(log(1
2
|cp| |z|−p)) (z ∈ En)

. n � N1 , |z|−p � a−pn (z ∈ En)∫
En

V (z) dm(z) �
∫
En

Φ
(
log

(1
2
|cp| |z|−p

))
dm(z) �

∫
En

Φ
(
log

(1
2
|cp|a−pn

))
dm(z)

= Φ
(
log

(1
2
|cp|a−pn

))
m(En) (n � N1)
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. (4.1.2): d � Φ(− log(nan))m(En) � 1

m(En) � d · Φ(− log(nan))−1

, (5.1.33)

∫
En

V (z) dm(z) � Φ
(
log

(1
2
|cp|a−pn

))
m(En) � d ·

Φ
(
log

(1
2
|cp|a−pn

))
Φ(− log(nan)) � d

. dn := d (n ∈ N, n � N1)

J �
∞∑
n=N1

∫
En

V (z) dm(z) �
∞∑
n=N1

dn = d · ∞ =∞,

, :

(5.1.35)

∫
E

Φ(log+ |f(z)|) dm(z) =∞.

, (5.1.34) (5.1.35) , , (5.1.11) 5.1.10

. �

5.2. .

5.1 , Ĉ\E (E ∈ Γ) Φ Hardy-Orlicz HΦ(Ĉ\E) C HΦ(Ĉ\E) = C
Ĉ \E E Γ . Ĉ0 := Ĉ \ {0} A(Ĉ0) z−1 Ĉ0

:

A(Ĉ0) =

{ ∞∑
n=0

cnz
−n : |cn|1/n → 0 (n→∞)

}
.

, 1/z . 1/z , 1/z ∈ HΨ(Ĉ \ E),
1/z �∈ HΨ(Ĉ \ E) E Γ .

( 3.1.4) : Ψ , E ∈ Γ , 1/z ∈ HΨ(Ĉ\E)
, 2 (Ψ.1) (Ψ.2) :⎧⎪⎪⎨

⎪⎪⎩
(Ψ.1) :

∫
E

Ψ
(
log+

∣∣∣1
z

∣∣∣) dm(z) <∞,
(Ψ.2) : sup

n∈N

Ψ(− log an)mn(C(an)) <∞.

E ∈ Γ 1/z ∈ HΨ(Ĉ \E) (Ψ.1) (Ψ.2) 2

. (Ψ.2) Ψ (d(Ψ) =∞) (d(Ψ) <∞)
. (Ψ.1) 3 .

.

Γ〈Φ,Ψ〉 Φ Ψ 〈Φ,Ψ〉 .

Γ〈Φ,Ψ〉 �= ∅ ((4.3.2)) .

5.2.1. Ψ ( , ), E ∈ Γ〈Φ,Ψ〉 (Ψ.1)

.

. . 3.3.13 : Ψ 3 Φ

, E := (∪∞
n=0En) ∪ {0} (Ψ.1) , , 10. 〈Φ,Ψ〉 ; 20. (bn)

∞
n=0 〈Φ,Ψ〉 ;

30. sup
n∈N

Φ(− log(nan))m(En) < +∞.
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(4.1.6) Γ〈Φ,Ψ〉 10 20 .

(4.1.4): d � Φ(− log(nan))m(En) � 1 (n ∈ N) 30 . E ∈ Γ〈Φ,Ψ〉 (Ψ.1) . �

5.2.2. Ψ (d(Ψ) < ∞) , E ∈ Γ〈Φ,Ψ〉 (Ψ.2) .

. 4.3.8 , d(Ψ) <∞ , (4.3.9): Γ〈Φ,Ψ〉 = Γ′
〈Φ,Ψ〉, , E ∈ Γ〈Φ,Ψ〉 (Ψ.2) ,

, E ∈ Γ〈Φ,Ψ〉 (Ψ.2) . �

5.2.3. Ψ (d(Ψ) < ∞) , E ∈ Γ〈Φ,Ψ〉

1

z
∈ HΨ(Ĉ \ E).

. , 5.2.1 5.2.2 . �

5.2.4. Ψ (d(Ψ) < ∞) , E ∈ Γ〈Φ,Ψ〉

(5.2.5)

⎧⎪⎨
⎪⎩
HΦ(Ĉ \ E) = C,

1

z
∈ HΨ(Ĉ \ E).

. Γ〈Φ,Ψ〉 ⊂ ΓΦ E ∈ Γ〈Φ,Ψ〉 E ∈ ΓΦ 5.1.10 HΦ(Ĉ \E) = C (5.2.5) 1

. 2 5.2.3 . �

5.2.6. Φ Ψ 〈Φ,Ψ〉 , Ψ (d(Ψ) < ∞)

(5.2.7) OΨ < OΦ ( ).

. 〈Φ,Ψ〉 , α > 0 , Ψ(t) � Φ(t) + α (0 � t < ∞) . f ∈ HΦ(W )

Φ(log+ |f |) W u

Ψ(log+ |f(w)|) � Φ(log+ |f(w)|) + α � u(w) + α (w ∈W )

Ψ(log+ |f(w)|) W u+α f ∈ HΨ(W ) , HΦ(W ) ⊂ HΨ(W ) (〈Φ,Ψ〉:
) . , HΨ(W ) = C, , W ∈ OΨ HΦ(W ) = C, , W ∈ OΦ ,

(5.2.8) OΨ ⊂ OΦ (〈Φ,Ψ〉 : )

. 5.2.4 , E ∈ Γ〈Φ,Ψ〉 , Ĉ \ E ∈ OΦ , 1/z ∈ HΨ(Ĉ \ E)
HΨ(Ĉ \ E) = C Ĉ \ E �∈ OΨ, ,

Ĉ \ E ∈ OΦ \ OΨ

, (5.2.8) “OΨ ⊂ OΦ OΨ �= OΦ” OΨ < OΦ (5.2.7)

. �

5.2.6 , . Φ Ψ 〈Φ,Ψ〉 , Ψ

(d(Ψ) <∞) (d(Ψ) =∞) 2 .

. , “〈Φ,Ψ〉 d(Ψ) <∞” .

“d(Φ) =∞ d(Ψ) <∞” :

(5.2.9)

{
〈Φ,Ψ〉 : ,

d(Ψ) <∞.
⇐⇒

{
d(Φ) =∞,
d(Ψ) <∞.

( 1.1 (3.3.9) ) . ,

5.2.10 ( 5.2.6 1). d(Φ) = ∞ d(Ψ) < ∞

OΨ < OΦ.
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Ψ ( , d(Ψ) <∞) HΨ = AB∗ OΨ = OAB∗ ( 1.1 ),

5.2.6 .

5.2.11 ( 5.2.6 2). Φ

(5.2.12) OAB∗ < OΦ (d(Φ) = ∞).

5.2.6 . Parreau [14] (Heins[8]

):

OAB∗ <
⋂

0<p<∞
Op ( Riemann ).

Riemann , Riemann ,

, ( ) . Hardy ( )

Parreau Heins ([8] ).

5.2.6 Parreau :

5.2.13 (Parreau ).

(5.2.14) OAB∗ <
⋂

0<p<∞
Op ( ).

. AB∗ ⊃ Hp (0 < p <∞) OAB∗ ⊂ Op (0 < p <∞)

OAB∗ ⊂
⋂

0<p<∞
Op

. Ψ(t) := t (0 � t <∞) Ψ0(t) := t
2 (0 � t <∞) Ψ Ψ0 d(Ψ) <∞

d(Ψ0) =∞ . 5.2.10 5.2.11

OAB∗ = OΨ < OΨ0

. 0 < p <∞ Φp(t) := e
pt − 1 (0 � t <∞) Φ 〈Φp,Ψ0〉

,

OΨ0 ⊂ OΦp = Op
. 0 < p <∞

OAB∗ < OΨ0 ⊂ Op
.

OAB∗ < OΨ0 ⊂
⋂

0<p<∞
Op

, (5.2.14) . �

5.3. .

5.2 E ∈ Γ〈Φ,Ψ〉 1/z ∈ HΨ(Ĉ\E) , d(Ψ) <∞ 1/z ∈ HΨ(Ĉ\E)
(E ∈ Γ〈Φ,Ψ〉) . , d(Ψ) = ∞ .

E ∈ Γ〈Φ,Ψ〉 (Ψ.1) 1/z ∈ HΨ(Ĉ \ E) E (Ψ.2)

( 3.1.4 ). , E ∈ Γ〈Φ,Ψ〉 (Ψ.2) ( , (Ψ.2) )

(Ψ.2) ( , (Ψ.2) ) . 5.2.3 ( , d(Ψ) < ∞ ,

E ∈ Γ〈Φ,Ψ〉 1/z ∈ HΨ(Ĉ \ E) ) , :

5.3.1.∗ d(Ψ) = ∞ , 1 E ∈ Γ〈Φ,Ψ〉

(5.3.2)
1

z
�∈ HΨ(Ĉ \ E).

∗ : d(Ψ) = ∞ 1 E ∈ Γ〈Φ,Ψ〉 HΨ(Ĉ \E) = C ( 2
).
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. (Ψ.2) E ∈ Γ〈Φ,Ψ〉 ( 4.3.10) , (Ψ.2) E ∈ Γ〈Φ,Ψ〉 ,

1/z ∈ HΨ(Ĉ \ E) , E (Ψ.2) ( 3.1.4) , E (Ψ.2)

. �

d(Ψ) =∞ , 1/z ∈ HΨ(Ĉ \E) E ∈ Γ〈Φ,Ψ〉 , , (Ψ.2) E ∈ Γ〈Φ,Ψ〉
, ( 4.3.12 ). 4.3.12

, . E ∈ Γ〈φ,Ψ〉 (5.3.2)

. , 6 .

6. Heins Hasumi

Hardy Riemann 1969 Springer Lecture Notes 98 50-51

Heins Ark. Mat.

16(1978), no.2, 213–227 Hasumi Hardy classes on plane domains

, ,

. . , ,

,

, . ,

,

, Heins . ,

.

6.1. Hardy Riemann .

Navanlinna , Riemann R ( , R ∈ OG)
Riemann ([2], [15], [16] ).

Riemann Hardy 1951-1952

Parreau [14] . 20 , Riemann Hardy ,

, Hardy Riemann Heins[8] :

(6.1.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(a) OAB∗ <
⋂

0<q<∞
Oq;

(b)
⋃

0<q<p

Oq < Op <
⋂

p<q<∞
Oq (0 < p <∞);

(c)
⋃

0<q<∞
Oq < OAB ,

, (a) Heins Parreau[14] . ,

“X < Y ” 2 X Y “X ⊂ Y X �= Y ” .

6.2. Heins .

E ⊂ C , E . E , E ∈ N∞
, E ( , ) |E| = 0 . Painlevé .

Heins([8], Chap.III, §7(pp.50–51)) , :

Painlevé-Heins . E ⊂ C , E ∈ Np (1 � p � ∞)

|E| = 0 .

E ⊂ C E ∈ NAB∗ E cap(E) = 0

, Cantor E0 ⊂ C |E0| = 0 cap(E0) > 0 , ( 1.1 )

OAB∗ ⊂ O1 =
⋂

1�p�∞
Op
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W0 := Ĉ \ E0

, W0 �∈ OAB∗ W0 ∈ Op (1 � p �∞)

OAB∗ < O1 =
⋂

1�p�∞
Op

(loc. cit.). (6.1.1) (a) . , Riemann

Hardy (6.1.1) ( ) Hardy ( )

. Hardy Heins , Riemann

Ahlfors-Beurling ([1]) .

Heins , , , 1970 Heijhel [9, 10] ,

1 � p �∞ . , 0 < p � 1
Kobayashi[11, 12] , , 0 < p �∞ (6,1,1)

, 1978 Hasumi [4] . ,

, , Riemann Hardy 2010

[6] , , 11 .

6.3. Hasumi .

Hasumi , 6.2 [4] .

, , ( ) 3

“ ” . , ,

[4] , . “ ” ,

“(6.1.1)” (6.3.9) . , ( ,

) , . ,

.

Hasumi [4] . “ ” Hasumi [4] Hasumi A :

6.3.1 (Hasumi A). Φ Ψ 〈Φ,Ψ〉 , :

(6.3.2) OΨ < OΦ ( ).

[4] , 〈Φ,Ψ〉 〈Φ,Ψ〉 Φ , 3.3 , 〈Φ,Ψ〉
. [6] , . Φ

Ψ .

. Hasumi [4] , Hasumi A , ,

Hasumi A . [4] , 2 ,

, , Hasumi B Hasumi C .

6.3.3 (Hasumi B). E ∈ Γ〈Φ,Ψ〉

(6.3.4) HΦ(Ĉ \ E) = C.

Φ Ψ 〈Φ,Ψ〉 , 4.3.1

Γ〈Φ,Ψ〉 �= ∅ . .

6.3.5 (Hasumi C). Γ〈Φ,Ψ〉

(6.3.6)
1

z
∈ HΨ(Ĉ \ E).

2 Hasumi B Hasumi C Hasumi A Hasumi

:
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: 〈Φ,Ψ〉 , Ψ(t)/Φ(t) = o(1) (t→∞) α β

Ψ(t) � αΦ(t) + β (0 � t <∞)

, W ∈ Ĉ f ∈ HΦ(W ) W u , W Φ(log+ |f |) � u .

αu+ β W , W

Ψ(log+ |f |) � αΦ(log+ |f |) + β � αu+ β

f ∈ HΨ(W ) HΦ(W ) ⊂ HΨ(W ) . W ∈ OΨ HΨ(W ) = C HΦ(W ) = C

W ∈ OΦ ,

OΨ ⊂ OΦ

. Hasumi (6.3.2) , , , < Hasumi B

C . Hasumi B HΦ(Ĉ \ E) = C, , Ĉ \ E ∈ OΦ .

Hasumi C 1/z ∈ HΨ(Ĉ \ E) , HΨ(Ĉ \ E) > C Ĉ \ E �∈ OΨ , Ĉ \ E ∈ OΦ \ OΨ

. “OΨ ⊂ OΦ OΨ �= OΦ” OΨ < OΦ ( , (6.3.1)) , Hasumi A Hasumi B & C

. �

Hardy . Hasumi [4] , , Hasumi A

(6.1.1) ((6.3.9) ) . “Heins ” .

(6.3.7) OAB∗ ⊂ Op ⊂ Oq ⊂ OAB (0 < p < q <∞)

( 1.1 ). 1 log+ t � (1/p)tp , 2 tp � tq + 1
, 3 .

Ψ(t) = t, Φr(t) = e
rt − 1 (0 < r <∞)

Ψ Φr

Ψ(t)/Φp(t) = o(1), Φp(t)/Φq(t) = o(1) (t→∞)

,

OAB∗ = OΨ, Op = OΦp , Oq = OΦq

, (6.3.7) 2 , 3 . (6.3.7)

. (6.3.7) ( Riemann )

(6.3.8)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(a) OAB∗ ⊂
⋂

0<q<∞
Oq;

(b)
⋃

0<q<p

Oq ⊂ Op ⊂
⋂

p<q<∞
Oq (0 < p <∞);

(c)
⋃

0<q<∞
Oq ⊂ OAB

. , (6.3.8) (a) ⊂ < ( , �) , (6.3.8) (b) 2 ,

(c) :

(6.3.9)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(a) OAB∗ <
⋂

0<q<∞
Oq;

(b)
⋃

0<q<p

Oq < Op <
⋂

p<q<∞
Oq (0 < p <∞);

(c)
⋃

0<q<∞
Oq < OAB

Hasumi A . .
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(6.3.9) (a) : 5.2.13 (5.2.14) , ,

. 3 t Ψ, Φ0, Φ

Ψ(t) = t, Φ0(t) = t
2, Φ(t) = eqt − 1 (0 < q <∞)

. Ψ, Φ0, Φ , 〈Φ0,Ψ〉 〈Φ,Φ0〉 .

, OΨ = OAB∗ OΦ = Oq (0 < q <∞) . Hasumi A ,

OAB∗ = OΨ < OΦ0 , OΦ0 < OΦ = Oq (0 < q <∞)

.

OAB∗ = OΨ < OΦ0 ⊂
⋂

0<q<∞
Oq

, (6.3.9) (a) . �

(6.3.9) (b) : (b) 1 . 3 t ∈ R+ Ψ, Φ0, Φ

Ψ(t) = eqt − 1 (0 < q < p), Φ0(t) =
ep(t+2/p)

t+ 2/p
− pe

2

2
, Φ(t) = ept − 1

. Ψ, Φ0, Φ , Φ0 , , Φ0

. t > 0 y = ept/t . y 1 2 y′ y′′ , ,

ty′ = (pt− 1)y , t > 1/p y′ > 0 , ty′′ = py + (pt− 2)y′ , t > 2/p , t > 1/p

, y′′ > 0 t �→ ept/t [2/p,∞) t �→ ep(t+2/p)/(t + 2/p)

[0,∞) = R+ .

Φ0(t) =
ep(t+2/p)

t+ 2/p
− pe

2

2

(
=
ep(t+2/p)

t+ 2/p
− e

p(0+2/p)

0 + 2/p

)

. OΨ = Oq OΦ = Op (0 < q < p) . , 〈Φ0,Ψ〉
〈Φ,Φ0〉 . Hasumi A

Oq = OΨ < OΦ0 (0 < q < p), OΦ0 < OΦ = Op

. ⋃
0<q<p

Oq ⊂ OΦ0 < Op

, (6.3.9) (b) 1 .

, (6.3.9) (b) 2 . 3 t > 0 Ψ, Φ0, Φ

Ψ(t) = ept − 1, Φ0(t) = te
pt, Φ(t) = eqt − 1 (0 < p < q <∞)

. , 3 , OΨ = Op, OΦ = Oq (0 < p < q <∞) .

〈Φ0,Ψ〉 〈Φ,Φ0〉 . , Hasumi A

Op = OΨ < OΦ0 , OΦ0 < OΦ = Oq (0 < p < q <∞)

.

Op < OΦ0 ⊂
⋂

p<q<∞
Oq

, (6.3.9) (b) 2 , , (6.3.9) (b) . �

(6.3.9) (c) : t ∈ R+ 3 Ψ, Ψ0, Φ0

Ψ(t) = eqt − 1 (0 < q <∞), Ψ0(t) = e
t2 − 1, Φ0(t) = e

t3 − 1
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. , OΨ = Oq (0 < q < ∞) . , 〈Ψ0,Ψ〉 〈Φ0,Ψ0〉
, Hasumi A

Oq = OΨ < OΨ0 < OΦ0 (0 < q <∞)

. , W ∈ OΦ0 , HΦ0(W ) = C . f ∈ AB(W ) , sup
z∈W

|f(z)| := γ <∞
, W

Φ0(log
+ |f |) � Φ0(log

+ γ)

. , W Φ0(log
+ |f |) Φ0(log

+ γ) , f ∈ HΦ0(W )

, HΦ0(W ) = C f W , AB(W ) = C, W ∈ OAB , ,

OΦ0 ⊂ OAB
Oq < OΨ0 < OΦ0 ⊂ OAB (0 < q <∞)

. ⋃
0<q<∞

Oq ⊂ OΨ0 < OΦ0 ⊂ OAB

, (6.3.9) (c) . �

6.4. .

6.2 , Hasumi [5] Hasumi A 2 Hasumi

B hasumi C .

(I)
Hasumi B

Hasumi C

}
=⇒ Hasumi A

, 6.3 , .

, Hasumi A , Hardy Heins Hasumi

[4] ,

(II) Hasumi A =⇒ (6.3.9)

, 6.3 , .

.

, Hasumi [4] 2 :

(III) Hasumi B ;

(IV) Hasumi C .

(III) : Hasumi B , E ∈ Γ〈Φ,Ψ〉 HΦ(Ĉ \E) = C , .

5.1.10 , E ∈ ΓΦ HΦ(Ĉ \E) = C , ,

, Γ〈Φ,Ψ〉 ⊂ ΓΦ ((3.3.10) (4.1.4) ) , Hasumi B

.

(IV) : , Hasumi C, , E ∈ Γ〈Φ,Ψ〉 1/z ∈ HΨ(Ĉ \E) ,

. 1/z ∈ HΨ(Ĉ \ E) , 3.1 ( 3.1.4)

. , E ∈ Γ 2 : 1

(Ψ.1) :

∫
E

Ψ(log |z−1|)dm(z) < +∞

, 1 , 2

(Ψ.2) : sup
n∈N

Ψ(log a−1
n )mn(C(an)) < +∞
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, m E ∈ Γ , (mn)
∞
n=1 E ( 1.2 ).

, E ∈ Γ ,

(6.4.1) (Ψ.1) & (Ψ.2)⇐⇒ 1

z
∈ HΨ(Ĉ \ E)

. Hasumi C , E (Ψ.1) (Ψ.2) .

Hasumi C . Hasumi [4] Hasumi [6]

:

[4], p.242 : “We see first that z−1 ∈ HΨ(Ĉ \ E), for we have
∫
E

Ψ(log |z−1|)dm(z) =
∞∑
n=0

∫
En

Ψ(log |z−1|)dm(z) �
∞∑
n=0

Ψ(− log(δan))m(En)

� Ψ(− log(δa0))m(E0) +

∞∑
n=1

Ψ(− log(δan))/Φ(− log(nan)) � Ψ(− log(δa0))m(E0) +

∞∑
n=1

2−n < +∞.”

[6], p.354 : “ z−1 ∈ HΨ(Ĉ \ E) . , an � bn ,

Ψ(− log(δan)) � 2−nΦ(− log(nan)) (n = 1, 2, · · · )

. En {δan � |z| � an} ,

∫
E

Ψ(log |z−1|) dm(z) =
∞∑
n=0

∫
En

Ψ(log |z−1|) dm(z) �
∞∑
n=0

Ψ(− log |δan|)m(En)

� Ψ(− log |δa0|)m(E0) +

∞∑
n=1

Ψ(− log |δan|)
Φ(− log |nan|) � Ψ(− log |δa0|)m(E0) +

∞∑
n=1

1

2n
<∞

. , z−1 HΨ(Ĉ \ E) . � ”

E ∈ Γ〈Φ,Ψ〉 , , E (bn)
∞
n=0 ( 1.2 ) , E 0 < ρ < δ < 1

0 < δ < 1 〈Φ,Ψ〉 ( 3.3 (3.3.10) ) . E

(Ψ.1) , , , , E (Ψ.1) . ,

1/z ∈ HΨ(Ĉ \ E) , , ,

(6.4.2) (Ψ.1) =⇒ 1

z
∈ HΨ(Ĉ \ E)

, , “E ∈ Γ (Ψ.1) , 1/z ∈ HΨ(Ĉ \ E) ” .

(6.4.1) , (Ψ.1) 1/z ∈ HΨ(Ĉ \E)
, , (6.4.2) . E ∈ Γ , E ∈ Γ

, E ∈ Γ〈Φ,Ψ〉 , E (Ψ.1) , , E (Ψ.2)(

) , 1/z ∈ HΨ(Ĉ \E) . (IV) , ,

.

〈Φ,Ψ〉 Φ , Ψ , Ψ ,

.

Ψ ( , d(Ψ) < ∞) : 5.2.2 , E ∈ Γ〈Φ,Ψ〉 d(Ψ) <∞ (Ψ.2)

, (6.4.1) 1/z ∈ HΨ(Ĉ \E) (IV) d(Ψ) <∞ , , d(Ψ) < ∞
Hasumi C . , 5.2.3 , .

Ψ ( , d(Ψ) = ∞) : 5.3.1 , “Ψ ( , d(Ψ) =∞) , 1/z �∈ HΨ(Ĉ \ E)
E ∈ Γ〈Φ,Ψ〉 ” . d(Ψ) = ∞ (Ψ.2) E ∈ Γ〈Φ,Ψ〉 ( 4.3.10

) . Hasumi C , “ E ∈ Γ〈Φ,Ψ〉 1/z ∈ HΨ(Ĉ \ E) ” , (IV)

d(Ψ) =∞ , , d(Ψ) = ∞ Hasumi C .
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Hasumi [5] (Hasumi A) . Hasumi A “Φ Ψ 〈Φ,Ψ〉 ,

OΨ < OΦ ” . (I) (IV)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{
Ψ

Hasumi A

⎧⎨
⎩

5.2 , Ψ Hasumi A .

(6.4.1) (Ψ.2)

, .

{
Ψ Hasumi

A

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

“Hasumi B C⇒ Hasumi A” Hasumi A

, Ψ Hasumi C

, ,

, Hasumi A . Hasumi

A , Ψ ,

, ,

. NΦ

[4] ,

.

6.5. .

Hasumi [4] Riemann

. Φ Ψ 〈Φ,Ψ〉 , Hardy-Orlicz HΦ HΨ

W ∈ Ĉ OΦ OΨ

(6.5.1) OΨ < OΦ

. (6.5.1)

.

(6.5.2) OΨ ⊂ OΦ

. W ⊂ Ĉ HΨ(W ) = C HΦ(W ) = C , 2 HΨ(W ) HΦ(W )

.

, (6.5.2) . , , W ⊂ Ĉ

(6.5.3) W ∈ OΦ \ OΨ

, . (6.5.2) (6.5.1) . W (6.5.1)

Riemann .

. Hasumi[4] E ∈ Γ〈Φ.Ψ〉 , Ĉ \ E
(6.5.1) :

(6.5.4) Ĉ \ E ∈ OΦ \ OΨ (E ∈ Γ〈Φ.Ψ〉).

Ψ , Ψ , , (6.5.1) Ĉ\E
, Ψ (6.5.1) . (6.5.4) , Ψ , Ĉ\E ∈ OΦ

, Ĉ\E �∈ OΨ , 1/z ∈ HΨ(Ĉ\E) ( E ∈ Γ〈Φ,Ψ〉) HΨ(Ĉ\E) �= C
Ĉ\E �∈ OΨ , 1/z �∈ HΨ(Ĉ\E) E ∈ Γ〈Φ,Ψ〉 Ĉ\E �∈ OΨ

. , , 1/z �∈ HΨ(Ĉ \ E)
HΨ(Ĉ \ E) �= C . , , “HΨ(Ĉ \ E) = C

1/z �∈ HΨ(Ĉ \ E) ” ∗. 1/z �∈ HΨ(Ĉ \ E) E ∈ Γ〈Φ,Ψ〉
Ĉ \E ∈ OΨ E ∈ Γ〈Φ,Ψ〉 , Ĉ \E (6.5.4) .

∗ 2
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E ∈ Γ〈Φ,Ψ〉 Ĉ \ E (6.5.1) . ,

. , E ∈ 〈Φ,Ψ〉 , E ∈ 〈Φ,Ψ〉 ,

. , E ∈ Γ〈Φ,Ψ〉 , E ∈ Γ〈Φ,Ψ〉
, Ψ (6.5.1) .

Hasumi [4] , , Hardy Heins , , (6.3.9)

, . , Hardy-Orlicz (6.3.2)( (6.5.1)):

OΨ < OΦ (〈Φ,Ψ〉 : )

, Heins .

(6.5.1) Heins (6.3.9) [4] . ,

Heins [4] , [4] Heins ,

.

(6.3.9) (a): (Parreau ) 6.3 (6.3.2)( (6.5.1))

, (6.3.2) . Ψ (6.3.2) , [4] ,

5.2 (6.3.2) , (6.3.9) (a) , (6.3.9) (a)

[5] . (6.3.9) (a) “(6.3.2) ⇒ (6.3.9) (a)”

. OAB∗ = OG, , E ⊂ C Ĉ \E ∈ OAB∗ ⇔ cap(E) = 0 , [4]

. d(Φ) =∞ NΦ (6.3.9) (a) ,

(6.3.9) (a) [4] .

(6.3.9) (b): (6.3.9) “OΨ < OΦ (d(Ψ) =∞)” ,

, (6.3.9) (b) . [4]

, , Hejhal[9, 10] .

(∗)
⋃

0<q<p

Oq < Op
(
p ∈ N+ 1

2

)

(6.3.9) (b)

(∗∗)
⋃

0<q<p

Oq < Op <
⋂

p<q<∞
Oq (1 � p <∞)

. [10] Hejhal (∗) , (∗∗)
, (∗∗) 0 < p < 1 , , (∗∗) (0 < p < 1) “Op = OAB∗ (0 < p < 1)”

. Hejhal .

Kobayashi[11, 12] Hejhal

Op < Oq (0 < p < q �∞, q � 1)

. (6.3.9) (b) , “ (6.3.9) (b)”

.

(6.3.9) (c): Heins [8] Heins Hejhal

“ ” , (6.3.9) (c) Hejhal[9]

.

, Heins

.

1.

1.1. .

R = R(a, b) = {a < |z| < b} (0 < a < b <∞) u ∈ h(R) (R ) , R
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.

u ∈ h(R)

( .1.1.1) u∗(z) =
1

2π

∫ 2π

0

u(zeit)dt (z ∈ R)

R u∗ U . ϕ �→ u(|z|eiϕ) : R→ R 2π

( 1.1.1)

( .1.1.2) u∗(z) =
1

2π

∫ 2π

0

u(reit)dt (z = reiθ ∈ R)

,

u∗(z) =
1

2π

∫ 2π

0

u(|z|eit)dt = u∗(|z|) (z ∈ R)

u∗(z) R (radial function), , (a, b) 1 r �→ u∗(r) :
(a, b)→ R ,

Δu∗(z) =
1

r

d

dr

(
r
d

dr

)
u∗(r).

Δzu
∗(z) =

1

2π

∫ 2π

0

Δzu(ze
it)dt =

1

2π

∫ 2π

0

0dt = 0,

, u∗ ∈ h(R) .

u ∈ hB(R) := {u ∈ h(R) : sup
z∈R
u(z) < +∞}

, u R . , Fatou , aeiθ ∈ C(a) := {|z| = a}, ,

beiθ ∈ C(b)
u(aiθ) := lim

(a,b)�r↘a
u(reiθ), u(biθ) := lim

(a,b)�r↗b
u(reiθ)

, u∗(r) (a, b) [a, b]

u∗(r) =
1

2π

∫ 2π

0

u(reiθ)dθ (r ∈ [a, b])

. Lebesgue

u∗(a) =
1

2π

∫ 2π

0

u(aeiθ)dθ =
1

2π

∫ 2π

0

lim
(a,b)�r↓a

u(reiθ)dθ

= lim
(a,b)�r↓a

1

2π

∫ 2π

0

u(reiθ)dθ = lim
(a,b)�r↓a

u∗(r)

, b ⎧⎪⎨
⎪⎩
u∗(a) = lim

(a,b)�r↓a
u∗(r),

u∗(b) = lim
(a,b)�r↑b

u∗(r)

, , u∗ [a, b] . u ∈ hB(R)

u∗ ∈ h(R) ∩ C(R)

, u ∈ hB(R) u∗ ∈ h(R) ∩ C(R) , [a, b] 2

:

( .1.1.3)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

r

d

dr

(
r
d

dr

)
u∗(r) = 0

u∗(a) =
1

2π

∫ 2π

0

u(aeiθ)dθ, u∗(b) =
1

2π

∫ 2π

0

u(beiθ)dθ.

– 76 –

－76－



, u∗ :

( .1.1.4) u∗(z) = u∗(a)
log |z| − log b

log a− log b
+ u∗(b)

log |z| − log a

log b− log a
(z ∈ R ).

, ( ∞ )

R(a) := {a < |z| �∞} (0 < a <∞)

, u ∈ hB(R(a)) u∗ ∈ hB(R(a)) . u∗

u∗(z) =
1

2π

∫ 2π

0

u(|z|eiθ)dθ (z ∈ R(a))

, z �=∞ , z =∞ u(∞) u∗(∞) = 1

2π

∫ 2π

0

u(∞eiθ)dθ =
u(∞) , Lebesgue

lim
z→∞u

∗(z) = lim
z→∞

1

2π

∫ 2π

0

u(|z|eiθ)dθ = 1

2π

∫ 2π

0

(
lim
z→∞u(|z|e

iθ)
)
dθ

=
1

2π

∫ 2π

0

u(∞)dθ = u(∞) = u∗(∞)

, u∗ (a,∞) [a,∞] . 0 < a < b < ∞ b ↗ ∞ ,

R(a, b)↗ R(a) \ {∞} u∗ R(a, b) ( 1.1.4) b↗∞ , u∗ R(a)

. u(aeiθ) C(a) u Fatou , u(beiθ) u|C(b)⎧⎪⎪⎪⎨
⎪⎪⎪⎩
u∗(a) =

1

2π

∫ ∞

0

u(aeiθ)dθ,

u∗(b) =
1

2π

∫ ∞

0

u(beiθ)dθ

,

( 1.1.5) lim
b↑∞
u∗(b) =

1

2π

∫ ∞

0

lim
b↑∞
u(beiθ)dθ =

1

2π

∫ ∞

0

u(∞)dθ = u(∞)

. ( .1.1.4) a < |z| < b

u∗(z) = u∗(a)
log |z| − log b
log a− log b + u

∗(b)
log |z| − log a
log b− log a

= u∗(a)
1− (log |z|)/ log b
1− (log a)/ log b + u

∗(b)
(log |z| − log a)/ log b
1− (log a)/ log b

→ u∗(a)1− 0
1− 0 + u

∗(∞) 0

1− 0 = u
∗(a) (b↗∞),

. ,

( .1.1.6) u∗(z) = u∗(a) = u(∞) (z ∈ R(a) = C(a) ∪R(a))

.
1

2π

∫
C(a)

u(aeiθ)dθ = u(∞)

. R(a) (C(a) = ∂R(a) ) R(a) ,

Gauss (Poisson !).
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.1.2.

R = R(a, b) := {a < |z| < b} (0 < a < b <∞) , γ := C(
√
ab) = {|z| =

√
ab} . w ∈ γ

R ξw . γ R Harnack R modulus log(b/a)

A1 = A1

(
b

a

)

( 5.1 ). ∂R = C(a)∪C(b) ds , dξw/ds

( .1.2.1)
dξw

ds
�

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
A1

(
b

a

)
1

4πa
(z ∈ C(a)),

A1

(
b

a

)
1

4πb
(z ∈ C(b))

5.1.10 . .

, , ( .1.2.1)

.

0 , 0 < a <∞ C(a) e , e |e| , C(a)

e χe

( .1.2.2)

∫ 2π

0

χe(ae
iθ)dθ =

∫
aeiθ∈e

dθ =
|e|
a

. , e , ,

, .

0 2 �1 �2 . �1 �2 ,

�1 �2 0 < Θ < π , �10�2 Δ . C(r)∩Δ =: e(r) (0 < r <∞) C(r)

, |e(r)| . 0 e(r) Δ(r) , z �→ rz : Δ(1)→ Δ(r)

Δ(1) ∝ Δ(r) ( )

r

|e(r)| = r|e(1)|
. 0 e(r) e(1) Θ .

|e(1)| = Θ

, 2

( .1.2.3) Θ =
|e(r)|
r

. Θ e(r) , |e(r)| e(r) .

( .1.2.2) . e aeiα , 0 C(a) e 0 < Θ < π , e = {aeiθ :
α−Θ/2 � θ � α+Θ/2}

∫ 2π

0

χe(e
iθ)dθ =

∫
aeiθ∈e

dθ =

∫ α+Θ/2

α−Θ/2

dθ =

(
α+

Θ

2

)
−

(
α− Θ

2

)
= Θ

. ( .1.2.3) e = e(a)

Θ =
|e(a)|
a

=
|e|
a

. 2 , ( .1.2.2) . �

( .1.2.1) . z ∈ C(a) . C(a) e z ∈ e
. e |e| ↘ 0 , z ∈ e ⊂ C(a)
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e π . ∂R = C(a) ∩ C(b) e χe .

χe|C(a) = χe χe|C(b) = 0 . χe R Dirichlet u :

u(ζ) = HRχe(ζ) (ζ ∈ R).

, R 0 < u < 1 u ∈ hB(R) . ∂R u|R Fatou , u R

, , u(ζ) = HRχe(ζ) (ζ ∈ R), u(ζ) = χe(ζ) (ζ ∈ ∂R). R γ = C(
√
ab) w ∈ γ R

ξw

u(w) =

∫
∂R

u(ζ)dξw(ζ) =

∫
∂R

χe(ζ)dξw(ζ) =

∫
e

dξw(ζ) = ξw(e)

R γ = C(
√
ab) Harnack A1 = A1(b/a)

ξw(e) = u(w) � max
γ
u � A1min

γ
u � A1u(ζ) (ζ ∈ γ)

. ξw(e) � A1u(
√
ab eit) (0 � t � 2π) . :

ξw(e) =
1

2π

∫ 2π

0

ξw(e)dt � A1
1

2π

∫ 2π

0

u(
√
ab eit)dt = A1u

∗(
√
ab),

,

( .1.2.4) ξw(e) � A1

( b

a

)
u∗(
√
ab).

u∗ ( .1.1.4) . , (u∗(a), u∗(b)) . u∗(a) ,

( .1.2.2)

u∗(a) =
1

2π

∫ 2π

0

u(aeit)dt =
1

2π

∫ 2π

0

χe(ae
it)dt =

|e|
2πa
,

u∗(b)

u∗(b) =
1

2π

∫ 2π

0

u(beit)dt =
1

2π

∫ 2π

0

χe(be
it)dt =

1

2π

∫ 2π

0

0dt = 0

, ( .1.1.4)

u∗(ζ) =
|e|
2πa

· log |ζ| − log b
log a− log b (ζ ∈ R)

, ζ =
√
ab ∈ γ ⊂ R

u∗(
√
ab) =

|e|
2πa

· log
√
ab− log b

log a− log b =
|e|
4πa

. ( .1.2.4) ξw(e) � A1(b/a) · (|e|/4πa)
ξw(e)

|e| � A1

( b

a

) 1

4πa

. lim
z∈e, |e|↘0

ξw(e)/|e| = (dξw/ds)(z) , , ( .1.2.1) 1 z ∈ C(a)
. z ∈ C(b) ( .1.2.1) 2 . �

.1.3. .

R = R(a, b;K) (0 < a < b < ∞) Ĉ ∞ . , (i) K

{b � |z| <∞} , (ii) Ĉ \K , (iii) K ( , ), .

R(a, b;K) := {z ∈ Ĉ : a < |z|} \K

. R(a, b;K) R . K K
◦

, Λ := K \K◦ = ∂K

∂R(a, b;K) = C(a) ∪ Λ,
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, R(a, b;K) C(a) Λ , . C(a) R(a, b;K)

, Λ . K , K = Λ , R(a, b;K)

C(a) K Ĉ . R(a, b;K) ∞ μ . C(a)

dμ ds , dμ/ds ds/dμ C(a) (dμ/ds) (ds/dμ) = 1 .

.1.3 , .

R(a, b) (0 < a < b <∞) γ = C(
√
ab) R(a, b) Harnack A1 = A1(b/a) ( 5.1

.1.2 )

A = A

(
b

a

)
:= 2A2

1 = 2

(
A1

(
b

a

))2

( (5.1.8) ). R = R(a, b;K) ∞ μ C(a) = {|z| = a} (⊂ R(a, b;K))
ds , ds/μ

( .1.3.1) max
C(a)

ds

dμ
� A

(
b

a

)
min
C(a)

ds

dμ
� A

(
b

a

)
2πa

μ(C(a))

5.1.10 , ( .1.2.1) , . ( .1.3.1) , ( .1.2.1)

, .

( .1.3.1) . R(a, b;K) = R , C(a) (⊂ ∂R) e

|e| > 0 . R ∂R e χe ( , χe|e = 1, χe|(∂R \ e) = 0) ,

R Dirichlet HRχe = ue . e ue = u . u ∈ hB(R)
, u ∂R ( , ) χe . C(a) e

e 1, C(a) \ e 0 , ∂R \C(a) = ∂K 0

.

( .1.3.2) μ(e) = u(∞)

. ,

μ(e) =

∫
∂R

χe(ζ)dμ(ζ) =

∫
∂R

u(ζ)dμ(ζ) = u(∞)

. , 2

R1 := {a < |z| < b}, R2 := {a < |z| �∞}

. R1 R R(a, b) , R2 R K ∞ C(a)

( .1.3.3) R1 ⊂ R ⊂ R2

, 3 C(a) . u1 ∈ hB(R1)

u1|e = 1, u1|(∂R1 \ e) = 0

Dirichlet R1 , u1 ∈ hB(R2)

u2|e = 1, u2|(∂R2 \ e) = 0

R2 Dirichlet . u1 u1|(R2 \ R1) = 0 R2 , u u|∂R = χe
u|K◦ = 0 ( , K

◦
= K \ ∂K) R2 , u R2 ,

R2

( .1.3.4) u1 � u � u2
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. 3 u1, u, u2 R2 u∗1, u
∗, u∗2 , R2 , [a,∞]

,

( .1.3.5) u∗1(r) � u∗(r) � u∗2(r) (z = reiθ ∈ R2, r ∈ [a,∞])

. χe ∂R , χe|C(a) χe C(a) e

. , C(a)

u1 = u = u2 = χe

, ( .1.2.2)

u∗1(a) = u
∗(a) = u∗2(a) =

1

2π

∫ 2π

0

χe(ae
iθ)dθ =

1

2π

∫
aeiθ∈e

dθ =
|e|
2πa

. u∗1(b) = 0 , (u∗1(a), u
∗
1(b)) =

( |e|
2πa
, 0

)
( .1.1.4) u∗1

( .1.3.6) u∗1(r) =
|e|
2πa

log r − log b
log a− log b (a � r � b)

, u∗2 ( 1.1.6)

( .1.3.7) u∗2(r) =
|e|
2πa

(a � r � b)

. r =
√
ab ( .1.3.6) u∗1(

√
ab) = |e|/(4πa), ( 1.3.7) u∗2(

√
ab) = |e|/(2πa)

, ( .1.3.5)
|e|
4πa

� 1

2π

∫ 2π

0

u(
√
abeiθ)dθ � |e|

2πa

. w ∈ γ := C(
√
ab) , u = ue

( .1.3.8)
|e|
4πa

� 1

2π

∫ 2π

0

ue(we
iθ)dθ � |e|

2πa
(w ∈ γ)

. e C(a) e1 e2 0 < ε < π |e1| = |e2| = ε
( ε↘ 0 ). ( .1.3.8) ,

( .1.3.9)
ε

4πa
� 1

2π

∫ 2π

0

uej (we
iθ)dθ � ε

2πa
(w ∈ γ, j = 1, 2).

( .1.3.9) j = 1

A−1
1 max

γ
ue1 =

1

2π

∫ 2π

0

(
A−1
1 max

γ
ue1

)
dθ � 1

2π

∫ 2π

0

(
min
γ
ue1

)
dθ

� 1

2π

∫ 2π

0

ue1(we
iθ)dθ � ε

2πa
(w ∈ γ)

.

( .1.3.10) A−1
1 max

γ
ue1 �

ε

2πa
.

( .1.3.9) j = 2

ε

4πa
� 1

2π

∫ 2π

0

ue2(we
iθ)dθ � 1

2π

∫ 2π

0

(
max
γ
ue2

)
dθ

� 1

2π

∫ 2π

0

(
A1min

γ
ue2

)
dθ � A1min

γ
ue2 (w ∈ γ)

.

( .1.3.11)
ε

2πa
� 2A1min

γ
ue2
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. ( .1.3.10) ( .1.3.11)

A−1
1 max

γ
ue1 �

ε

2πa
� 2A1min

γ
ue2

max
γ
ue1 � 2A2

1min
γ
ue2 , A = A(b/a)

A = A
( b

a

)
:= 2A2

1 = 2
(
A1

( b

a

))2

( .1.3.12) max
γ
ue1 � Amin

γ
ue2 (|e1| = |e2| = ε ∈ (0, π))

.

S := R(
√
ab, b;K) = {

√
ab < |z| <∞} \K

. ( .1.3.12)

ue1 |γ � max
γ
ue1 � Amin

γ
ue2 � Aue2 |γ

, K ue1 = ue2 = 0 , ue1 |∂K � Aue2 |∂K . ∂S

ue1 � Aue2 , S ue1 � Aue2 , ue1(∞) � Aue2(∞)
, ( .1.3.2)

( .1.3.13) μ(e1) � Aμ(e2) (e1, e2 ⊂ C(a), |e1| = |e2| = ε ∈ (0, π))

. μ(e1)/|e1| � A(μ(e2)/|e2|) . zj ∈ C(a) (j = 1, 2) , zj ∈ ej (j = 1, 2)

|e1| = |e2| = ε e1 e2 ε↘ 0

μ(ej)

|ej | →
dμ

ds
(zj) (|ej | ↘ 0)

dμ

ds
(z1) � A

( b

a

)dμ
ds
(z2) (z1, z2 ∈ C(a))

, ( .1.3.1) (
dμ

ds
· ds
dμ

= 1 ).

μ(C(a))min
C(a)

ds

dμ
=

(
min
C(a)

ds

dμ

)∫
C(a)

dμ =

∫
C(a)

(
min
C(a)

ds

dμ

)
dμ

�
∫
C(a)

ds

dμ
dμ =

∫
C(a)

ds = s(C(a)) = 2πa

, 2

min
C(a)

ds

dμ
� 2πa

μ(C(a))

, ( .1.3.1) , ( .1.3.1) .

2.

Hardy Heins Hasumi

[4] . [4]

(I)
Φ Ψ 〈Φ,Ψ〉

OΨ < OΦ
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. OΦ \ OΨ �= ∅ . [4]

(II)
E ∈ Γ〈Φ,Ψ〉

Ĉ \ E ∈ OΦ \ OΨ

(I) . , ,

(III)
E ∈ Γ〈Φ,Ψ〉

HΦ(Ĉ \ E) = C

, Ĉ \ E ∈ OΦ ,

(IV)
E ∈ Γ〈Φ,Ψ〉

1/z ∈ HΨ(Ĉ \ E)

, HΨ(Ĉ \ E) �= C , Ĉ \ E �∈ OΨ

(III) & (IV) =⇒ (II) =⇒ (I)

(I) Hasumi [4] . , [4] (III)

, (IV) , ,

:

.2. (i) Ψ , E ∈ Γ〈Φ,Ψ〉

1/z ∈ HΨ(Ĉ \ E)

; (ii) Ψ , E ∈ Γ〈Φ,Ψ〉

1/z �∈ HΨ(Ĉ \ E).

(IV) . , (I) Ψ

( [4] [6] , ), Ψ (I) [4]

.

Hasumi [4] ( , OΨ < OΦ Ĉ \E (E ∈ Γ〈Φ,Ψ〉) ) [4] (I),

, , Ĉ \ E �∈ OΨ , (IV) , ,

(IV)’
Ψ ,

∼∼∼
E ∈ Γ〈Φ,Ψ〉

1/z ∈ HΨ(Ĉ \ E)

Ĉ \E �∈ OΨ , , ,

.

, 1/z ∈ HΨ(Ĉ\E) Ĉ\E �∈ OΨ , 1/z �∈ HΨ(Ĉ\E) 1/z ∈ HΨ(Ĉ\E)
, Ĉ \E �∈ OΨ . 1/z �∈ HΨ(Ĉ \E) ,

f ∈ A(Ĉ \ E) \ C f ∈ HΨ(Ĉ \ E) . , (I)

.

, , :

(∗) 1/z �∈ HΨ(Ĉ \ E) (E ∈ Γ〈Φ,Ψ〉) HΨ(Ĉ \ E) ∩A(Ĉ\{0}) = Ĉ.

1/z A(Ĉ \ {0}) \ C z → 0 , HΨ(Ĉ \ E) , C

A(Ĉ \ {0}) HΨ(Ĉ \E) . , (∗)
:
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.2. Ψ , E ∈ Γ〈Φ,Ψ〉

HΦ(Ĉ \ E) = HΨ(Ĉ \ E) = C.

Ĉ \ E ∈ OΨ ⊂ OΦ , (I) (II) , Ψ ,

(II) .

2 , .2 .

.2.1 .2 .

〈Φ,Ψ〉 2 Φ Ψ , E ∈ Γ〈Φ,Ψ〉 E

( .2.1.1) HΦ(Ĉ \ E) = HΨ(Ĉ \ E) = C

, .2 . , Ψ ,

Δ2
∗ , lim

t↗∞
Ξ(t)/Ψ(t) = 0 , , Ξ ≺ Ψ † Ξ

([6] p.331 2.1 ).

( .2.1.2) Ξ ≺ Ψ ≺ Φ

. , 4.2.6 . E ∈ Γ 0 < ρ < δ < 1 .

(bn)
∞
n=0 b0 = 1 bn < 1/n (n ∈ N) , (bn)

∞
n=0

δ (3.3.10) 〈Φ,Ψ〉 (4.1 ) .

(an)
∞
n=0 , (En)

∞
n=0 , :

0 < an < bn (n ∈ {0} ∪ N), an+1 � ρan (n ∈ {0} ∪ N); n = 0, 1, · · · En ⊂ C NΞ NΦ

En ⊂ {δan � |z| � an} (n ∈ {0} ∪ N)

, , 0 < d < 1 , d � Φ(− log(nan))m(En) � 1 (n ∈ N) , NΞ NΦ ,

En NΦ , ( .2.1.2) NΞ ⊂ NΨ ⊂ NΦ , En ∈ NΞ

En ∈ NΦ , En ∈ NΞ . 4.2.6

( .2.1.3) Ξ(− log an)mn(C(an)) � n (n ∈ N)

.

( .2.1.4) E :=

( ∞⋃
n=0

En

)⋃
{0}

( .2.1.1) E . E 4.2.6 E ∈ Γ , E

4.2.6 E ∈ Γ〈Ψ,Φ〉 .

( .2.1.3) ( .2.1.4): E ∈ Γ〈Ψ,Φ〉 .

( .2.1.5) HΦ(Ĉ \ E) ⊂ HΨ(Ĉ \ E) ⊂ HΞ(Ĉ \ E) ⊂ A(Ĉ \ {0}),

. 3 2 ( .2.1.2) , 3

, f ∈ HΞ(Ĉ \E) f ∈ A(Ĉ \ {0}) . S0 := {|z| > a1}
Sn := {an+1 < |z| < ρan−1} (n ∈ N) , n ∈ {0} ∪N f ∈ HΞ(Sn \En) , En ∈ NΞ

f ∈ HΞ(Sn \ En) = HΞ(Sn) ⊂ A(Sn) (n ∈ {0} ∪ N)
∗ X Δ2 : X α > 0 , β > α

, γ > 1 , 2β � t < ∞ t |s| � β s , γ−1 � X(t+ s)/X(t) � γ .
† 2 X Y , α > 0 β � 0 αX(t) + β � Y (t) (0 � t < ∞) , X � Y , Y ≺ X

.
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, , f En (n ∈ {0} ∪ N) , E \ {0} . f ∈ A(Ĉ \ {0}) , f(z)

1/z .

( 3.1.4) , 1/z ∈ HΞ(Ĉ \ E)

sup
n∈N

Ξ(− log an)mn(C(an)) < +∞

, ( .2.1.4) E ( .2.1.3)

( .2.1.6) 1/z �∈ HΞ(Ĉ \ E)

. , 1/z 1 c0 + c1/z (c0 c1 C 2 , c1 �= 0) HΞ(Ĉ \ E)
:

( .2.1.7) f := c0 + c1/z �∈ HΞ(Ĉ \ E) (c0, c1 ∈ C, c1 �= 0).

, ( 3.2.1) , f ∈ HΞ(Ĉ \E) (3.2.3) , (3.2.3)

( .2.1.8) sup
n∈N

∫
C(an)

Ξ(log+ |f(z)|)dmn(z) = +∞

, ( .2.1.7) . ( .2.1.7) , , , ( .2.1.8) . f(z) = c0+c1/z

(c1 �= 0) z = ane
iθ ∈ C(an) (0 � θ < 2π)

|f(z)| = |f(aneiθ)| = |c1e−iθ/an + c0| � |c1|/an − |c0| = a−1
n (|c1| − |c0|an)

, an ↘ 0 (n↗∞) , n0 ∈ N , |c1| − |c0|an � |c1|/2 (n � n0) .

log |f(z)| � − log an + log |c1/2| > 0 (n � n1 � n0)

n1 ∈ N .

log+ |f(z)| = log |f(z)| � − log an + log |c1|
2

(n � n1)

. Ξ Δ2 , τ > 1

Ξ(log+ |f(z)|) � Ξ
(
− log an + log |c1|

2

)
� τ−1Ξ(− log an) (z ∈ C(an), n � n1)

. ( .2.1.3) ∫
C(an)

Ξ(log+ |f(z)|) dmn(z) �
∫
C(an)

τ−1Ξ(− log an) dmn(z)

= τ−1Ξ(− log an)mn(C(an)) � n
τ

(n � n1)

. ( .2.1.8) ( .2.1.7) .

HΞ(Ĉ \ E) = C, , Ĉ \ E ∈ OΞ .

. , 0 < ρ < δ < 1 , σ := (δ/ρ)1/2 ∈ (1,∞) .

σ2an � (δ/ρ)·(ρan−1) = δan−1 (n ∈ N) , an < σan < σ
2an � δan−1 (n ∈ N) . 0

Wn := {an < |z| < σ2an} (n ∈ N) ,

( .2.1.9) Wn ⊂ Ĉ \ E (n ∈ N)

. Wn ( , ) an ( , σ2an) (an·σ2an)1/2 = σan ân : ân = σan

(n ∈ N). C(ân) (= C(σan)) Wn , Wn (n ∈ N). Wn
C(ân) Wn Harnack κ̂ , ,

( .2.1.10) κ̂ := sup
{
max
C(ân)

w / min
C(ân)

w : w ∈ h+(Wn) \ {0}
}
,
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h+(Wn) Wn . Harnack 1 < κ̂ <∞ ((5.1.2) ) ,

, κ̂ n ∈ N , , 1 � m < n C(âm) Wm Harnack

C(ân) Wn Harnack , . {(Wn, C(ân)) : n ∈ N}
, , 1 � m < n , z �→ φ(z) := (an/am)z φ

, φ :Wm →Wn , φ(C(am)) = C(an), {u ◦ φ−1 : u ∈ h+(Wm)} = h+(Wn) .

,

Rn := {an < |z| �∞} \ E = {an < |z| �∞} \
( n−1⋃
j=0

Ej

)
(n ∈ N)

. Rn ∞ mn . Rn

R̂n := {ân < |z| �∞} \ E = {ân < |z| �∞} \
( n−1⋃
j=0

Ej

)
(n ∈ N)

, Rn mn , R̂n ∞ m̂n . (Rn)
∞
n=1

(R̂n)
∞
n=1 Ĉ \ E 0

( .2.1.11) Rn ⊃ R̂n ⊃ Rn−1 (n � 2)

, , :

( .2.1.12) mn(C(an)) < m̂n(C(ân)) < mn−1(C(an−1)) (n � 2).

HΞ(Ĉ \ E) = C , , f ∈ HΞ(Ĉ \ E) \ C f .

( .2.1.5) f ∈ A(Ĉ \ {0}) \ C . f M(r, f)

M(r, f) := sup
|z|=r

|f(z)|

. , lim inf
n→∞ â2nM(ân, f) = 0 , f 1/z . , f

( .2.1.7) . , : n0 ∈ N

( .2.1.13) M(ân, f) >
1

ân
(n � n0).

f ∈ HΞ(Ĉ \ E) \ C (⊂ A(Ĉ0)) , , Ĉ \ E u

Ξ(log+ |f(z)|) � u(z) (z ∈ Ĉ \ E)

. n ∈ N , R̂n (⊂ Ĉ \ E) ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
un|C(ân) = u

un

∣∣∣∣
n−1⋃
j=0

Ej = 0

Dirichlet Perron-Wiener-Brelot un . u un R̂n R̂n u � un > 0
, +∞ > u(∞) � un(∞) . un C(ân) = ∂R̂n \ (∪n−1

j=0Ej) u

, m̂n

un(∞) =
∫
C(ân)

un(z)dm̂n(z) =

∫
C(ân)

u(z)dm̂n(z)

.

+∞ > u(∞) � un(∞) =
∫
C(ân)

u(z)dm̂n(z) �
∫
C(ân)

(
min
C(ân)

u
)
dm̂n(z) =: (i)
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. u Wn (⊂ Ĉ \ E) , Wn C(ân) Harnack κ̂ 1 < κ̂ <∞
n ∈ {0} ∪ N , min

C(ân)
u � (1/κ̂) max

C(ân)
u .

(i) �
∫
C(ân)

(
1

κ̂
max
C(ân)

u

)
dm̂n(z) =

1

κ̂

(
max
C(ân)

u
)
·m̂n(C(ân)) =: (ii)

. C(ân) (⊂ Ĉ \ E) u � Ξ(log+ |f |) , n1 ≥ n0 n � n1 ,

( .2.1.13)

max
z∈C(ân)

u(z) � max
z∈C(ân)

Ξ
(
log+ |f(z)|)

= Ξ
(
max
z∈C(ân)

log+ |f(z)|) = Ξ( log+ (
max
z∈C(ân)

|f(z)|))
= Ξ

(
log+M(ân, f)

)
� Ξ

(
log+

1

ân

)
= Ξ

(
log

1

ân

)
(n � n1)

. (ii) , n � n1 n ∈ N, , n ∈ N

(ii) � 1

κ̂
Ξ(− log ân) m̂n(C(ân)) =: (iii)

. ân = σan log ân = log an + log σ , Ξ Δ2 , γ > 1

Ξ(− log ân) = Ξ(− log an + log σ) � 1

γ
Ξ(− log an)

n ∈ N . ( .2.1.12)

m̂n(C(ân)) > mn(C(an))

. ( .2.1.3) . (iii) , n ∈ N

(iii) � 1

κ̂γ
Ξ(− log an)mn(C(an)) � 1

κ̂γ
n =: (iv)

. (i)− (iv)

+∞ > u(∞) > n

κ̂γ

n ∈ N , HΞ(Ĉ \ E) = C
. ( .2.1.5)

HΞ(Ĉ \ E) ⊃ HΨ(Ĉ \ E) ⊃ HΦ(Ĉ \ E) ⊃ C
, ( .2.1.1) , .2 . �
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