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Definition and basic properties

Letl <p < ooand c R"is abounded domain.
bP(Q) := {f : harmonic in Q and ||f||, < oo}
bP is called harmonic Bergman space.

@ bP(Q2) C LP(Q2): closed subspace

@ f € b?(Q) has the following representation
(reproducing property);

f(x) = /QR(x,y)f(y)dy forx € Q

R(-,-) is called harmonic Bergman kernel
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Example of the harmonic Bergman kernel

When Q = B (unit ball),

(N —B)x[*ly|* + (8 -y —2n — 4)|x|?|ly|?> + n
n[BI((1 — [x|2)(1 — [y[2) + |x —y[2)*+2

RB(Xuy) =

and
(n —4)|x]*+ 2n|x|?> +n

Reb0) = Bl — e
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The preceding result

Theorem (Kang-Koo 2002)

Let Q be a smooth bounded domain and « and 3 be
multi-indices. Then, there exist C, s > 0 and C > 0 such
that for any x,y € Q

Cos

app
‘DX DyR(X7y)‘ S d(X,y)n—Hal—H’Bl

and
C

r(x)"
where d(x,y) :=r(x) +r(y)+ [x —y| and r(x) is the
distance between x and boundary of €.

R(x,x) >
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Harmonic Bergman projection

In the following talk, we assume that Q is a bounded
smooth domain. Then, forany 1 < p < oo, f € bP(Q) has
the reproducing property, that is

F(x) = / R(x,y)f(y)dy for f € b°(Q).
Q
We denote the harmonic Bergman projection P by
Pi(x) = [ ROGY)(y)dy T eLP(@)
Q

If 1 < p < oo, then P : LP(Q2) — bP(Q) is bounded linear
operator.
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Representation theorem

Theorem (T. 2012)

Let1 < p < oo and Q2 be a bounded smooth domain.
Then, we can choose a sequence {\;} in Q such that

A : (* — bP is a bounded onto map, where the operator A
is defined by

Alai}( Za. (x, A)r(n) e,

where r(x) denotes the distance between x and 09.
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Outline of the proof

Lemma (covering lemma)

Let0 < < %1. We can choose N (independ of 9),
{A\i} € ©Q and disjoint covering {E;} for €.

@ E; is measurable set forany i € N;

@ Ei C B(\,or(\)) foranyi € N;

@ {B(\,30r(\i))} is uniformly finite intersection with
bound N
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Outline of the proof

We define the operators Uy, 1, : bP — (° and
Sp,ix} : bP — bP as following;

Sp.onf(x ZRX)\ X)|Eil

Up. 03 (F) = (B[ ()r ()40,
where {E;}; is the disjoint covering of Q2 such that \; € E;
for any i € N. Because S = Ao U, we may show that S is

bijective map. By calculating ||S — Id||, we can give the
condition that S is bijective.
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Definition for interpolation

In the previous section, we discussed the map from (P to
bP. In this section, we discuss the map from bP to ¢P.

Definition
Letl < p < ocand {\}; C Q2. We define the map
V i bP = P by V() = {f(A\)r(N)P}

Definition (pseudo hyperbolic distance)

p(X,y) = inf/ ﬁds(z)

where vy y is the C>-curve from an initial point x to an
end pointy.

|_\|
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Interpolation

Theorem

Let 1 < p < oo and 2 be a bounded smooth domain.
There exists a positive constant pg such that if

p(Ai, Aj) > po forany i # j, then V : bP — (P is bounded
onto map, where p(x,y) is pseudo-hyperbolic distance
and Vf = {r(\)pf(\)}.
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Outline of the proof of interpolation

We consider

W{a} =V oA{a} = {r(\ Za. O, ))&,

We may only show W is bijective. And we define the
diagonal part D and off-diagonal part E

D{ai} := {ajR(\, \)r(N)"}

and
E{a} = {I’()\J) Z aiR(/\j, )\i)r()\i)(l’ﬁ)”}j.
i#
By standard argument, we may show
1
El| < ———%
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Modified harmonic Bergman kernel

We choose a defining function » for €2 such that
|Vn|? = 1+ nw for some w € C>(Q2). We denote the
differential operator K; by

1
Kig :=g - 5A(1°9);
and we denote the following kernel and projection;
Ri1(x,y) := Ki(Rx)(y) : modified harmonic Bergman kernel,

where Ry(+) := R(X, )

P.f(x) ::/Rl(x,y)f(y)dy modified projection.
Q

Kiyoki Tanaka representation and application



Some property

Theorem (Choe-Koo-Yi 2004)

@ Pif =f for any f € b1(Q).
@ Py : LP(Q) — bP(Q) is bounded forany 1 < p < oo.
@ For any multi-index «, there exists C, > 0 such that

Car(y)

IDYR1(X.y)| < d(x, y)riral

o Ca
IDyR1(x,y)[ < dixy)t
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Modified representation

Theorem (T. (to appear in Osaka Journal))

Let 1 < p < oo and 2 be a smooth bounded domain.
Then, we can choose a sequence {\;} in Q such that
A; : /P — bP is a bounded onto map, where the operator
A; is defined by

As{a }( Za.Rl X, A)r ()9,
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Definition and problem for Toeplitz operator

We consider the positive Toeplitz operator on b2.

Definition (Toeplitz operator)

We call the operator T, on b? the Toeplitz operator with
symbol p, if

T,f(x) = / RO Y)F(y)du(y).

Problem.
What condition is the Toeplitz operator T, good ( bonded,
compact and Schatten o-class S etc) ?
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Definition of associate functions

Definition (averaging function, Berezin transform)
Forany0O<éd<land1l < p < oo, we define

. |(Es(x))] : :
X : averaging function
and
3 Jo IR(X,y)[Pdp(y) :
X) = : Berezin transform
Fip(X) [o IR(x,y)[Pdy
for any x € €.
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The preceding result for Toeplitz operator

Theorem (Choe-Lee-Na 2004)

Letl <o <oocandO < § < 1. For u > 0, the following
conditions are equivalent;

QT,eS,,

9 ﬁz € LU(dVR),

Q s € L°(dVR),

Q 3 is(h)” < 0.
for some {);} satisfied with covering lemma, where
dVr = R(X, x)dXx.
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Extension of the previous theorem

Theorem (T. (to appear in Osaka Journal))

Let o > z(n”;;) and 1 > 0. Choose a constant § > 0 and a

sequence { )} satisfying the conditions obtained by
covering lemma. If 37, fi;(\j)” < oo, then T, € S,.
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