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Introduction

Harmonic Bergman Space bP

Letl <p < ocand 2 C R"is smooth bounded domain.
bP(Q) := {f : harmonic in Q and ||f||, < oo}
bP is called harmonic Bergman space.
@ bP(Q2) C LP(Q): closed subspace
@ Forany x € Q, f € bP(Q2) has the following
representation;

f(x)=/QR(x,y>f(y>dy

R(:,-) is called harmonic Bergman kernel
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Introduction

Example of the harmonic Bergman kernel

The case 2 = B (unit ball)

(n—4)x[*ly|*+ (8x -y —2n — 4)|x|?|y|* + n

Re(X,y) = ’
8(x.¥) NV (B)(L - 2x -y + [x2ly )

_ (=) x|*ly[* + (8% -y —2n — 4)|x]*|y|* +n
v (B)((1 — x[2)(1 — ly[2) + [x —y[2)*+2
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Introduction

The recently result

Theorem ( H. Kang and H. Koo 2002 )

Let Q be a smooth bounded domain and « and 3 be
multi-indices. Then, there exist C, -0 and C > 0 such
that for any x,y € Q

Cos

anp
IDEDyR(X,y)| < d(x, y)er

where d(x,y) :=r(x) +r(y) + |[x —y| and r(x) is the
distance between x and boundary .
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Introduction

Harmonic Bergman projection

We denote the harmonic Bergman projection by

Pf(x):z/R(x,y)f(y)dy felP(Q)

If 1 < p < oo, then P : LP(Q2) — bP(Q) is bounded linear
operator.
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Representation theorem

Theorem (K. Tanaka (to appear in Hiroshima Journal))

Let1 < p < oo and Q2 be a smooth bounded domain.
Then, we can choose {\i} C Q such that for any f € bP(Q)
there exists {a;} € /P such that

f(x) = iaiR(x,)\i)r()\i)(l—,l,)n

where the convergence of series is bP-convergence.
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Modified harmonic Bergman kernel

Modified harmonic Bergman kernel

We choose a defining function » for €2 such that
|Vn]? = 1+ nw for some w € C>(2). We denote the
differential operator K; by

1
Kig :=g - 5A(7°9),
and we denote the following kernel and projection;

Ri1(X,y) := Ki(Rx)(y) : modified harmonic Bergman kernel,

P.f(x) ::/Rl(x,y)f(y)dy modified projection.
Q
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Modified harmonic Bergman kernel

Some property

@ Pif =f for any f € b1(Q).
@ Py : LP(Q2) — bP(Q) is bounded forany 1 < p < oo.
@ For any multi-index «, there exists C, > 0 such that

. Car(y)
PR YIS Gy el
[e] Ca
IDyR1(X,y)| < dixy )t
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Modified harmonic Bergman kernel

Result 1

Theorem ( K. Tanaka (to appear in Osaka Journal))

Let 1 < p < oo and Q2 be a smooth bounded domain.
Then, we can choose {\i} C € such that for any f € bP(Q)
there exist {a;} € (P

f(x) = i aiR1(x, )\i)r()\i)”*%)“

where the series convergence is bP-convergence.

Kiyoki Tanaka representation and application



Modified harmonic Bergman kernel

Outline of the proof

Definition (uniformly finite intersection)

A set family {U;} is called uniformly finite intersection with
bound N, if there exists N such that #{i € N;x € U;} <N,
for any x € €.

Lemma (covering lemma )

Let0 < i < %. We can choose N (independ of ),
{Ai} € Q and disjoint covering {E;} for €.
@ E; is measurable set forany i € N;
@ Ei C B(\,or(\)) foranyi € N;
@ {B(\,30r(\))} is uniformly finite intersection with
bound N
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Modified harmonic Bergman kernel

Outline of the proof

Lemma (bounded test lemma)

0 = | G )y

Ifs =0, thenls : LP — LP is bounded for p > 1.
If s > 0, then lg : LP — LP is bounded for p > 1.
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Modified harmonic Bergman kernel

Outline of the proof

We put 0 < ¢ < £ (fixed later), {\} C Qand {E;}
satisfying covering lemma. We consider the following

operators;
i=1
p{,\}f ZR ]E||nbp
i=1

Up, g (F) := {[EilFO)r ()",

Find a condition that A, 1\ : P — bP(Q) is onto!
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Modified harmonic Bergman kernel

Outline of the proof

We check the following properties.
@ Ap.tny © Up iy = Sp.pa
(*] Sp’{)\i} : bP — bP, UD,{Ai} - bP — /P, AD,{Ai} - /P — bP are
bounded operators.
@ For enough small 6 > 0, ||Sp 3 —id|| < 1.
Hence S () : b? — bP is bijective.
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Application

Definition and problem for Toeplitz operator

We consider the positive Toeplitz operator on b?.

Definition (Toeplitz operator)

We call the operator T, on b? the Toeplitz operator with
symbol i, if

T, = / RO y)F(y)dju(y).

Problem.
Describe conditions that the Toeplitz operator T, is good
operator (for example bonded or compact).
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Application

Definition of associate functions

Definition (averaging function, Berezin transform)
ForanyO0 <d <1land1l<p < oo, we define

o uEs))]
150 = V(&)
an L IRO.Y)IPdu(y)
IR, y)Pdp(y
0 = TR, y)lpdy
for any x € €.
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Application

The preceding result for Toeplitz operator

Theorem (B. R. Choe, Y. J. Lee and K. Na 2004)

Letl <o <ocoand0 < ¢ < 1. For u > 0, the following
conditions are equivalent;

QT,eS,,

Q i, eL7(N),

Q fis e L7(N),

Q > fis(Ny)7 < oo

for some {);} satisfied with covering lemma.
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Application

Result 2

Theorem (K. Tanaka (to appear in Osaka Journal))

Let o > 20-D and 4 > 0. Choose a constant § > 0 and a

sequence { )} satisfying the conditions obtained by
covering lemma. If Zﬁl fis(N)° < oo, then T, € S,.
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