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1 harmonic Bergman space 0"

1 <p<o0

(2 C R™: smooth bounded domain ( i.e. 02 is C*°)
bP(2) := {f : harmonic on Q and ||f]|, < oo}

bP is called the harmonic Bergman space.

(where || £, := (f,, |f[Pda)?)

Basic properties;

O bP(Q2) C LP(2): closed subspace

OVe € Q, Vf € bP(Q)

ﬂwzémemwy

R(-,-) is called harmonic Bergman kernel.



[0 Example of the harmonic Bergman kernel
The case 2 =B

(n —4)|z[*y|* + Bz -y — 2n — 4)|z|?|y|* + n
nV(B)(1—2x-y+ |z]?ly|?)'T2

RB(CU,?J) —

_ (n=)[zPly]* + Bz -y —2n— 4)|x’|y[* + n
nV(B)((1 = [z[?)(1 = [y|*) + |z — y[>)' T2




Theorem A0 H. Kang and H. Koo [6] 2002 O
(): smooth bounded domain, «, : multi-indices.
EICa,ﬁ s.t. Vz, Vy € ()

Ca,p

o' Y] <
’DnyR(xay)’ = d(x,y)”ﬂo"ﬂﬁ'

4C s.t. Vo €

where d(z,y) :=r(x) +r(y) + |z — y|



[ We denote the harmonic Bergman projection by

fvwwzlj%mwﬂwm/feL%m

If 1 < p < oo, then P: LP(Q)) — bP(€2) : bounded linear operator.
We obtain dualities for 1 < p < o0,

b (Q)" = b7(Q)

where ¢ is an exponential conjugate and we consider the pairing

wmzlj@mmm.



2 atomic decomposition for the case p > 1

Theorem . [9]
l<p<oo
(2: smooth bounded domain.

El{)\@} C () s.t. \V/f c bp(Q) El{az} c [P

0

flx) = Z a; R(x, )\i)fr()\i)(l—%)n

i=1
where r(x) := dist(x, 0§2) and the convergence of series is

bP-convergence.

Remark.
IR(-, A)r(A)Y 2™ = 1.



3 modified harmonic Bergman kernel

n : defining function for Q s.t. |Vn|? = 1 + nw for some w € C*(Q)
We denote the differential operator K7 by

1
Kig:=g— §A(7729),

and we denote the following;

Ri(x,y) := K1(R,)(y) modified harmonic Bergman kernel

Pif(z) = /Q Ry (2, 9)f (y)dy



Theorem BO ( B. R. Choe, H. Koo and H. Yi [2] 2004)
OvVfeb(Q) Pf=f

01 <p<oo= P;:LP(Q) — bP() is bounded.

0 «: multi-indices dC,, > 0 s.t.

Q0 O(Jér(y)
|Da: Ry (5’77 y)’ = d(CL’, y)n—|—1—|—|a|

C

DyR <
| (Y 1(56,y)’_ d(x,y)”“




Theorem 2.
1 <p<oo
(2: smooth bounded domain.

El{)\z} C () s.t. \V/f S bp(Q) El{az} e [P

©.@

f(x) — Z a; 1 (337 )\i)r()\i)(l—%)n

1=1

where the series convergence Is b”-convergence.



4 harmonic Bloch space

In this section, we assume 0 € ().

Definition (harmonic Bloch space)

B :={f: harmonic and| f||z < co}: harmonic Bloch space
B:={feB: f(0)=0}

where || f||g := sup{r(x)|V f(x)|;z € Q} is called Bloch norm.

Properties

O(bH)* =B

OFor1 <Vp<oo, BCDbH
[0 b°° C B: continious



Theorem 3.
(2: smooth bounded domain.

N} C Qst. Vf e B3{a;} €l
f() =) aiRi(z, \)r(A)"
1=1

where Ry (z,y) := Ri(z,y) — R1(0,y).



5 outline of the proof for atomic decompositions

We introduce the expression to describe the small interval of {\;}.
Definition ( uniformly finite intersection)

A open set family {U;} is called uniformly finite intersection with bound

N

& IN st Ve e Q#{1eN;jzeU;} <N

Lemma 1. ( covering lemma )
Let 0 <0 < .

We can choose N (independ of 9), {\;} C €2 and disjoint covering {E;}.
(a)Vi € N E; is measurable set

(c){B(\;,36r(N;))} is uniformly finite intersection with bound N



Lemma 2
Let s, t¢ be nonnegative real numbers. If s+¢ > 0 and t < 1, then there
exists a constant C' such that

/ dy o C
o d(z,y)"*Tor(y)t = r(z)*t!

for every x € (.

Lemma 3.

I, f(x) ::/gzd(;,(?yJ;:*O‘f(y)dy

If o =0, then I, : LP — LP? : bounded for p > 1.
If o > 0, then I, : LP — LP? : bounded for p > 1.



proof of theorem 1
We put 0 < § < 1 (fixed later), {\;} C @ and {E;} by lemma 1.
We consider the following operators;

Ap pny{aif)(x) = ZaiR(ﬂ?a)\i)T(Az‘)% in b

Sp. a1 f(x ZR:I:)\ )| Ei| in bP

Up, (23 () == {I Bl fFA)r(X) e }

We change theorem 1.
Find a condition that A, (, : /7 — bP(2) is bounded!



i AP,{M} © Up,{ki} — Sp,{ki}
] Sp,{&} : bF — bP, Up,{M} : b — (P,

Ap (a1 i 4P — bP are bounded operators.
0 For enough small 6 > 0, ||S, (a1 — 1| < 1.
Hence S, ¢,y : P — D is bijective.

The following is a part of calculation.

(I =8)f(x)= | fly)R(z,y)dy — Z R(z, Ai) f(N) | B

Q

- Z / £y Rz, \))dy =: Fi ()

+Z/ AD)R(x, ) dy =: Fi(x)



R@ISY [ 0ly= NI, Re. Dy

$OY [ @I gy

= ol f[(x).

Hence, [[F1lp < 0llfl,-
By similar calculation, we get ||S, 1x,y — I|| < C6. O



6 Interpolating sequence

Atomic decomposition problem is the existence of surjective map from ¢?
to bP.

In this section, we consider the map from b? to /7.

We denote a operator V), 15,1 : b — (P as follow;

V= {f\)r(n)e}

Definition (quasihyperbolic metric)

Yoy €L ey r(z)

p(x,y) := inf / Lds(z)

where
I,y := {all smooth curve such that initial point is x and final point is y}



The following estimate is known;

p(z,y) < C1log mm{cf“((a;)y?'“(?/)}

min{r(z),r(y)}
d(z,y)

+ 5

< exp{—c(p(z,y) — ")}

Theorem 4.
Let 1 < p < oo. There exists pg > 0 such that for any {\;} with
po < p(Xi, Ay) if i # 4, V, ra,y 1 OP — P s surjective.



outline of the proof
We assume that § > 0 is fixed enough small and {B(\;,d7r(\;))}; is
separated. We define W, (x.v : € — (P, D), (1.1 and E, 1.y as follow;

Wy iy ({ai}) —{Za] Mis X)) ar(N) 7 )y

Dy iay(ai}) = {ai R(Ai, Ai)r( i)™ i
Ep oy ({ai}) == a; R, A)r(A;) ar(M)” )

J7#1

By standard argument, we should only show || E|| < || D]|.



We obtain C' < || D|| by the behavior of the kernel.
Hence, we calculate ||E{a;}||¢». The trouble calculation’s result is the
following estimate.

/ f
Ujzi B(A;,0m(A;)) d()\i, y)”r(y)%

QR

1E{ai} |5 S lasPr(X:)
1=1

We can control the right side by using the quasihyperbolic metric.



7 application of atomic decomposition

We consider only Hilbert space b2.
Definition (Toeplitz operator)

For € M(€2), the Toeplitz operator 1), with symbol p is defined by

/(@)= | Rlay)fw)duy) (e, (1)

Problem

Describe the characters of Toeplitz operators!



Definition
Let © > 0. For § € (0,1), the averaging functon [i5 is defined by

. _ w(B(x,0r(x)))
fis(x) = V(B(z,or(z)))

(x € Q). (2)

Also, for 1 < p < 0o, we define the Berezin p-transform fi, on €2 by

o | Rz y)[Pdu(y)
o) = S R, I,

(x € Q). (3)



Definition (Schatten class operator) Let X be a separable Hilbert
space and I" be a compact operator. We say T is a Schatten p-class
operator (0 < p) if

|Tlls,x) = (Y lsm(T)IP)” < o0
m=1

where s,,,(T') is the singular value sequence of T

Fact for the Hilbert space b%(Q)) [4]

Let 1 <p<oocandd € (0,1). For u > 0, the following conditions are
equivalent:

(@) Ty, € Sp

(b) v € LP(N)

(c) fis € LP(N)

(d) Z;}i1 fis(A;)P < o0

where d\(x) := R(x,z)dx.



Theorem 4.
Let Q(n 1) < p. Ifzj L fis(A)P < oo, then T, € S,

proof
Lemma ( [7] )

If T is a compact operator on a Hilbert space H and 0 < p < 2, then for
any orthonormal basis {e, } we have

71,00 < B T emcudl (4)

We use Luecking's ideas [7]. We should show the estimate for
> i 2 (A T, Ae;, e5) P, where {e,,} is orthonormal basis for ¢* and A
Is the operator of the atomic decomposition.




First, we calculate (A*T), Ae;, e;).
Aei(x) = Ri(x, \i)r(\;)?2

and
Tde(a) = 1(N)F [ Rae. ) Ra(y M)du(w)

Therefore, we have

(AT, Aei, e)) ZT(Ai)ST(Aj)géR1(y, Ai)Ri(y, Ag)dp(y)-



And we have
v g

=002 e 2 [ R xR (@A) du(o)|?
LI
m(X;) T(Xj)
(A, 0r(Ag)) d(=x, A,L-)n‘|‘1 d(x, )\j)n—l—l

r(Xg) T(Aj) )p
d(Ags AT d(Ag, 2 )n Tt

S22 ERE >%(Z/B alul(2))”

np _29
<ZT<A )2 (X)) 2 (ZmuB(Ak,ér(m))

r(Ai)T+p

n 2
s )P rOR)" P (X d(Ak,Ai)(nJrl)p)

74\
=[]
=)

1
np np .,
r(Ag) 2 r(X;) 2 5

d(Ap, A;)(nt1)p )




So, we check the term of the sum for i.

Ap) 2 r(N) 2 TP T r(\) 2 TP
ZT( ) ((nz—l) ~ Z/ T(+() 1) dy
—~ d(Ag, Ai) p (AéA)d)\k i)t lp—n
</ PO T T <

™~ 0 d()\kjy)n—k(n—l—l)p—n I~
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