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Let a dimension N > 2, B be the unit ball in RN and S = 9B.
For D=B,B\ {0} or RN \ B, a positive integer m, 1 < p < oo, a > —N
and 5 > —1, we define

B
BIE(D) := H™(D) N LP(D, [x|* |1 — |x?| " ax)

where H™(D) := {u € C>*(D) : A™u = 0}.
We call bgt’é’(D) the (weighted) polyharmonic Bergman space.

Remark.
by§(RY) = {0} and byB(RM \ {0}) = {0}.
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Previous works

In particular, bg:’ﬁz(D) is the reproducing kernel Hilbert space with the
reproducing kernel Rp . 5(X, y), i.e.,forx e Dand f € bc’Z’g(D),

1- \x|2’5 dx.

f(x) = /D Rp.ma s (6 V)FY)IX|
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Previous works

In particular, bz’ﬁz(D) is the reproducing kernel Hilbert space with the
reproducing kernel Rp . 5(X, y), i.e.,forx e Dand f € bc’Z’g(D),

f(x) = /D Rp.ma s (6 V)FY)IX|

B
1- \x|2) dx.
Example.

(N—4)x*lyl* + (8x -y —2N - 4)|x]|y[* + N

R]B,LO,O(X? .y) =
NIB|(1 —2x - y + |x[2|y[2) 2+

@ A 1s: R. Coifman and R. Rochberg (1980)
@ Ag1_40, RRN\@,LO,O : Z. G. Zhao (2014)
@ Roo,: T. (submitted, MSJ Autumn Meeting 2015)
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Today’s target

Remark. We define by IA%’]BJ,QO(X, y) a harmonic extension of
Rg100(x,y) forx,y € {1 —=2x-y +|x|y[2 £ 0}. f N > 4,

/:_1’13,1,0,0()(7 ¥) = Remz100(X:¥)
for x,y € RN\ B.
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Today’s target

Remark. We define by ﬁf’]BJ,op(x,y) a harmonic extension of
Rg100(x,y) forx,y € {1 —=2x-y +|x|y[2 £ 0}. f N > 4,
ﬁ"]BJ,O,O(Xv y) = HRN\ELo,o(Xa y)

for x,y € RN\ B.
First, we discuss the forms of R 1 o5 and Rz 14 5-
Second, we discuss the forms of R 2.5 and Rywg o 4 4-

Let 3 € Ng and N+ a > 0. A domain of Ry, s(X, y) is naturally
extended to x,y € {1 — 2x - y + |x|?|y|? # 0} (we write as Rz 2.0 5)-
Moreover, fora« < N — 23 — 8,

I/;’B,Z,a,ﬁ(xa y) = (_1 )ﬁR]RN\@,Z,a,ﬂ(X7 y)

forx,y € RN\ B.

v
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Weighted harmonic Bergman space

For positive measure v on B, we put

b2 = H'(B) N L3(B, dv).

Lemma (M. Nishio and T.)
Let v be a positive finite radial Borel measure (we write dv = dvdo).
Then, &([r,1)) > 0 for any r € [0, 1) if and only if b2 is a reproducing
kernel Hilbert space. Moreover,

is an orthonormal basis of b?

(o)
f[oJ)erdD(r) =1, P, k=0,

where e]’-‘(x) satisfies that {ej’-‘ |s} is an orthonormal basis of the k-th
homogenuous harmonic polynomials HX(S) c L2(S, do).
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Harmonic Bergman kernel of bl:/%(IB%)

Hence, if N+ a > 0and g > —1, then

{ : f
N|B|B(k + Mo g +1)

Therefore, we have

Re 108X, y) =

where Zi(6,n) = Z, 1 €]

Mk+ M2+ 5+41)
N|]B%|Z

ke B)ra 4 1))

ef(0)ef(n) : zonal harmonic.
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In particular,

e}
Rz 1.0,0(X,¥) = R 100(X,y) + WP(XJ)-

—1x12]y|2 .
where P(x,y) = — =X - extended Poisson kernel.
(1—2x-y+Ix[2|y[?) 2
Moreover, we have

d / nia
ot (t TE+B+1 RBJ,aﬁ(tx,y)) ‘H =(B+1)Re1as1(X,Y)

for x,y € B.
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.5(B\ {0}) and b, (R" \ B)

a /5’

LetN+a>0,8>—-1andd = —2a — 8 — 4. Then,
:bY5(B\ {0}) — bL2 (RN \ B) : isometry

where KC1[u](x) = [x[2~Nu(x*) and x* = - In addition, we have

RRN\@J,O/,/B(X’ y) = |X|2_N|y|2_NR]B\{O},1,aﬂ(x*v y*)

forx,y € RN\ B.

Lemma

Ifg>—1and —N < a < N — 4, then

b 3B\ {0}) = {flp\(o} : f € BL5(B)}

v
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Result for the weighted harmonic Bergman kernels

Theorem
Let—N < a< N—-28—4 andp € Nyg. Then, we have

Ri1.0,5(x,y) = (_1)5HRN\E71’a’ﬂ(X,y) forx,y € RN\ B.

| \

A part of proof.

A d Nia ~
Re101(x,y) = gt (T £ HA+1 RIB%J,O,O(tXay)) ‘

_ % (tMT”B“ RRN\ELO,O(tx’y)) ’t—

1
=B+ 1)Remg 101X, Y)

t=1

Ol

v
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Biharmonic Bergman kernel

2.2 tain condition  , 2 2 22 _
625 (B) SN, BRE(BA{0)) o B (RV\B)

where o/ = N — 23 — 8, —N<a<N—2ﬂ—8and
Kof(x) = |x|*~Nf(x*).

Ifg>-1,-N<a<N-28-8ando = —-8—-28— «, then

Rarng oo 506 Y) = X NyI* N Re2.0,5(x7, y")

forx,y € RN\ B.
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LetBeNand —-N < a < N-23—8. Then,

Rs.2.0,8(%,¥) = (=)’ Ramgoas(X,y) forx.ye RN\ B.

Proof.

span{ef(x), |x2ef(x)};x = b22 (B)
Hence, we can construct an orthonormal basis of bi”zﬁ(B) and we have
Re2,0,5(X,¥) = (B + 2)Re 1,a,8+2(X, ¥) — (B + 1) R 1,0,8+1(X, ¥)

— (IXI? + 1y*)(B + 2)Re 1.0,842(X, ¥)
+ [x[ly[2 (B + 2)Re1 0,512 + (B+ 1)Rs10r2811(X ¥))

Ol

v
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Conclusion and Problems

Conclusion
If e Ngand —N < a < N — 23 — 8, then we have

I,;’]B,Z,a,ﬁ(xu y) = (_1 )BRRN\EQ@ﬁ(Xa y) for X,y € RN \ E
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Conclusion and Problems

Conclusion
If e Ngand —N < a < N — 23 — 8, then we have

Ro2.0s(%,Y) = (1) Ramgans(x.y) forx,y eRN\B.
Problem
@ For m > 3, the form of Rg m o (X, ).
@ For N+a <0, bl5(B\{0}).
@ Harmonic Bergman kernel of an annular domain.
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